
r  INTRODUCTION

In the last chapter, you learned about the superposi-
tion theorem, Thevenin's theorem, Norton's theorem,
maximum power transfer theorem, and several types
of conversion methods. These theorems and conver-
sion methods are useful in solving some types of cir-
cuit problems.

In this chapter, three more circuit analysis meth-
ods are introduced. These methods are based on
Ohm's law and Kirchhoff's laws and are particularly
useful in the analysis of multiple loop circuits having
two or more voltage or current sources. The methods
presented here can be used alone or in conjunction
with the techniques covered in the previous chapters.
With experience, you will leam which method is best
for a particular problem or you may develop a prefer-
ence for one of them.

In the branch current method, Kirchhoff's laws
are applied to solve for current in various branches of
a multiple-loop circuit. A loop is a complete current
path within a circuit. The method of determinants is
useful in solving simultaneous equations that occur in
multiple-loop analysis. Using a calculator to solve
simultaneous equations is also thoroughly covered. In
the mesh current method, you will solve for loop cur-
rents rather than branch currents. In the node voltage
method, the voltages at the independent nodes in a
circuit are found. A node is the iunction of two or
more components.

For this chapter, the TECH TIP assignment in
Section 9-6 is to analyze a dual-polarity loaded volt-
age divider to determine if certain voltage measure-
ments are correct. One of the methods covered in this
chapter will be used for the analysis.
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9-1 T BRANCH CURRENT METHOD

In the branch cunent method, Kirchhoff\ voltage and current laws are used to find
the current in euch brunch of a circuit, Once the brunch currents are known, voltages
can be determined.

After completing this section, you should be sble to

I Use the branch current method to find unknown quantities in a circuit
. Identify loops and nodes in a circuit
. Develop a set of branch current equations
. Solve simultaneous equations by the substitution method

Loops, Nodes, and Branches

Figure 9-1 shows a circuit with two voltage sources and two loops (the arrow directions
are arbitrary). This circuit will be used as the basic model throughout the chapter to illus-
trate each of the three circuit analysis methods. In this circuit, there are only two nonre-
dundant closed loops, as indicated by the arrows. A loop is a complete current path within
a circuit, and a set of nonredundant closed loops can be viewed as a set of "window-
panes," where each windowpane represents one nonredundant loop. Also, there are four
nodes as indicated by the letters A, B, C, and D. A node is a point where two or more
components are connected. A branch is a path that connects two nodes.

Node A

Ysi

Rl

Node C

FIGURE 9_1
Two-lnop circuit showing loops and nodes.

FIGURE 9-2
Circuit for demonstrating branch cunent analysis.

The following are the general steps used in applying the branch current method.
These steps are demonstrated with the aid of Figure 9-2.

Step 1. Assign a current in each circuit branch in an arbitrary direction.

Step 2. Show the polarities of the resistor voltages according to the assigned branch
current directions.

Step 3. Apply Kirchhoff's voltage law around each closed loop (algebraic sum of volf
ages is equal to zero).

Step 4. Apply Kirchhoff's current law at the minimum number of nodes so that all
branch currents are included (algebraic sum of currents at a node equals zero).

Step 5. Solve the equations resulting from Steps 3 and 4 for the branch current values.

First, the branch currents Im, Inz, and 1a3 are assigned in the direction shown in
Figure 9-2. Don't worry about the actual current directions at this point.

Second, the polarities of the voltage drops across Rt, Rz, and R3 are indicated in the
figure according to the assigned current directions.

Third, Kirchhoff's voltage law applied to the two loops gives the following equa-
tions where the resistance values are the coefflcients for the unknown currents:

Equation 1: R1IR1 + Rzlnz- Vsr = 0 for loop 1

Equation 2: Rzlnz + Rzloz - Vsz = 0 for loop 2

+
Ins
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Fourth, Kirchhoff's current law is applied to node A, including all branch currents
as follows:

Equation 3: Im - Inz + 1R3 = 0

The negative sign indicates that Io2 is out of the junction.
Fifth and last, the three equations must be solved for the three unknown currents,

Im, Inz, and 1a3. The three equations in the above steps are called simultaneous equations
and can be solved in two ways: by substitution or by determinants. Example 9-l shows
how to solve equations by the substitution method. In Section 9-2, you will study deter-
minants and how to use them to find branch currents; in the following sections, you will
use determinants in two other methods of circuit analysis.

EXAMPIE 9_1 Use the branch cunent method to flnd each branch cuffent in Fieure 9_3.

FIGURE 9-3 R l

47o"
R3

68c)

vsz
5 V

Solution
Step 1. Assign branch currents as shown in Figure 9-3. Keep in mind that you can

assume any current direction at this point and that the final solution will
have a negative sign if the actual current is opposite to the assigned cur-
rent.

Step 2. Mark the polarities of the resistor voltage drops in accordance with the
assigned current directions as shown in the figure.

Step 3. Applying Kirchhoff's voltage law around the left loop gives

47 lo t+221p2 -  l 0=0

Around the right loop gives

2 2 1 * r + 6 8 1 a 3 - 5 = 0

where all resistance values are in ohms and voltage values are in volts. For
simplicity, the units are not shown.

Step 4. At node A, the current equation is

I r u - I n z * 1 a 3 = Q

step 5. The equations are solved by substitution as follows. First, find Ia1 in terms
of .la2 and 1a3.

Ia1= Ip2-  Ip3

Now, substitute Ip2 - 1o3 for 1o1 in the left loop equation.

4 '7 ( IRz- Ip )+221^r= lQ
47IRz- 471^. + 221^r= 19

691R2- 471^r= 19

-
Iat
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SECTION 9-1
REVIEW

9_2 I DETERMINANTS

Next, take the right loop equation and solve for 1a2 in terms of 1a3.

221P2= 5 - 681,R3

r  _  5 - 6 9 1 R 3
'R2 - 

22

Substituting this expressionfor lpyinto 691a2- 4'7[rc = l0 yields

*(L#*)- otro, = to

4ry* - 47lor= 19

15.68 - 
"r.r ' .rr^r- 

47lor= 19
-260.27lM = -5.68

5 6 R
I^, = 

ffih 
= 0.0218 A = 21.8 mA

Now, substitute the value of 1a3 in amps into the right loop equation.

22Iot+ 68(0.0218) = 5

Solve for 1a2.

1o, = ji_]!{9@ =' tt = 0.16A = 160 mA
22 22

Substituting Ip2 and 1a3 values into the current equation at node A yields

I i 1  - 0 . 1 6 + 0 . 0 2 1 8 = 0

1nr = 0.16 -  0.0218 = 0.138 A = 138 mA

Related Problem Determine the branch currents in Figure 9-3 with the polarity of
the5Vsourcereversed.

What basic circuit laws are used in the branch current

When assigning branch currents. you should be careful
match the actual directions. (T or F)

What is a loop?

What is a node?

1.
,

3.
4,

method?

that the assigned directions

When several anknown quantities are to be found, such us the three branch currents
in Example 9-7, yoa must have a number of eqaations equal to the number of
unknowns. In this section, yoa will learn how to solve for two and three unknowns
using the systematic method of determinants. This method is an alternate to the sab-
stitution method, which you used in the previous sectian, and will help you appreciate
your calculator even more.

After completing this section, you shoul.d be uble to

I Use determinants to solve simultaneous equations
. Set up second-order determinants to solve two simultaneous equations
. Set up third-order determinants to solve three simultaneous equations
. Evaluate determinants using either the expansion method or the cofactor method
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Solving Two Simultaneous Equations for Two Unknowns

To illustrate the method of second-order determinants, let's assume two loop equations as
follows:

1011 + 5I r= lJ

211*  4 I t=  $

We want to find the value of 11 and 12. To do so, we form a determinant with the coeffi-
cients of the unknown currents. A coefficient is the number associated with an unknown.
For example, 10 is the coefficient for 11 in the first equation and is a resistance value
(units are omitted for simplicity).

The first column in the determinant consists of the coefficients of 11, and the sec-
ond column consists of the coefficients of 12. The resulting determinant appears as fol-
lows:

ls tcolumn -1 
;  

2ndcolumn

1 0 5
2 4

This is called the characteristic determinant for the set of equations.
Next, we form another determinant and use it in conjunction with the characteristic

determinant to solve for 11. We form this determinant for our example by replacing the
coefficients of 11 in the first column of the characteristic determinant with the constants
(fixed numbers) on the right side of the equations. Doing this, we get the following deter-
minant:

We can now solve for 11 by evaluating both determinants and then dividing by the
characteristic determinant. To evaluate the determinants, we cross-multiply and subtract
the resulting products. An evaluation of the characteristic determinant in this example is
illustrated in the following two steps:

Step 1. Multiply the first number in the left column by the second number in the right
column.

1 0 5
X

L +

= 1 0 x 4 = 4 0

Step 2. Multiply the second number in the left column by the first number in the right
column and subtract from the product in Step 1. This result is the value of the
determinant (30 in this case).

Repeat the same procedure for the other determinant that was set up for 11.

Replace coefficients of 11

.Y -  |  wi th constants f rom
I )  ) l

I  ngnl  srdes ol  equal tons.
8  4 l

1 0 s l
2 x  4  l = O O -  

( 2 x 5 ) = 4 O -  1 0 = 3 0

1 5  s l
x  l = 1 5 x 4 = 6 0

8  4 l

r s  s  I
x  l = O O - ( 8 x 5 ) : 6 0 -  4 0 = 2 0

8 4 1
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The value of this determinant is 20. Now we can solve for 11 by dividing the 11 determi-
nant by the characteristic determinant as follows:

l1s  s  I
.  1 8  4 1  2 0l , = -  =  " = 0 . 6 6 7 A'  [ 0  5 t  3 0

l z  4 l
To find 12, we form another determinant by substituting the constants on the right

side of the equations for the coefficients of 12 in the second column of the characteristic
determinant.

Replace coetflcients of 12
I  v r  wi th constants f rom
l l 0  1 5 l  r i s h t s i d e s o f e q u a t i o n r .

I  z  8 l
We solve for 12 by dividing this determinant by the characteristic determinant already
evaluated.

I  ro r r l
,  t 2  8 l' z =  

3 0
_  ( 1 0 x 8 ) - ( 2 x  1 5 )  _  8 0 - 3 0  = A =  1 . 6 7 A

30 30 30

EXAMPLE 9-2 Solve the following set of equations for the unknown currents:

211 - 512= lQ

6It + l0I2= 20

Solution The characteristic determinant is evaluated as follows:

1 2  - s l
I  |  =  ( 2 ) ( 1 0 )  - ( - 5 X 6 )  = 2 0 -  ( - 3 0 ) = 2 0 + 3 0 = 5 0
t 6  1 0 1

Solving for 11 yields

t  1 0  - 5 1

,  _ t 2 0  l O t _  ( 1 0 x 1 0 ) - ( - 5 x 2 0 )  _  1 0 0 - ( - 1 0 0 )  _ 2 0 0  _ ^ ^' ' =  
5 0  

=  
5 0  

=  
5 0  

=  
5 0  

- t ^

Solving for 12 yields

1 2  r 0 l
t l

, t6 20 | (2)(20) - (6Xr0) 40 - 60t  _  -  - _ _ : : _ _ _ _ _ _ : : = _ i ! A

" 5 0 5 0 5 0

In a circuit problem, a result with a negative sign indicates that the direction of
actual current is opposite to the assigned direction.

Note that multiplication can be expressed either by the multiplication sign such
as 2 x 10 or by parentheses such as (2)(10).

Related Problem Solve the following set of equations for 11:

5 1 1 +  3 I r =  {

11  I2 I t=  -$
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Solving Three Simultaneous Equations for Three Unknowns

Third-order determinants can be evaluated by either the expansion method or the cofac-
tor method. First, we will illustrate the expansion method (which is good only for second
and third order) using the following three equations:

l I 1  + 3 1 2 - 2 1 . , = 7

O I t + 4 1 2 + 1 1 3 = 8
- 5 I t + 1 1 2 + 6 I t = )

The three-column characteristic determinant for this set of equations is formed in a
similar way to that used earlier for the second-order determinant. The first column con-
sists of the coefficients of 11, the second column consists of the coefficients of 12, and the
third column consists of the coefficients of 1a. as shown below.

Coefficients Coefficients Coefficients
of/'-------\ url" i f ol /,

\ t t
1 3 - 4
0  4  i l

-5  1  6 l

The Expansion Method This third-order determinant is evaluated by the expansion
method as shown in the following steps:

Step 1. Rewrite the flrst two columns immed

l 3 - 2
0 4 1

- 5  1 6

Step 2. Identify the three downward diagonal groups of three coeff,cients each.

iately to the right of the determinant.

1 3
A +

-5 1

l 3
o 4

-5 I

il,,.,. ,]fl'r,$]

Step 3. Multiply the numbers in each diagonal and add the products.

(1)(4X6) + (3)(1)(-5) + (-2X0X1) = 24 + (-15) + 0 = 9

Step 4. Repeat Steps 2 and 3 for the three upward diagonal groups of three coefficients.

r  3  -21  r  3
o  4  r l o  4

- s  I  6 l - s  r

t \
(-5)(4X-2) + (l)(1)(1) + (6)(0X3) = 40 + 1 + 0 = 41

Step 5. Subtract the result in Step 4 from the result in Step 3 to get the value of the
characteristic determinant.

9 - 4 1 = - 3 2
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EXAMPTE 9-3

To solve for 11 in the given set of three equations, a determinant is formed by sub-
stituting the constants on the right of the equations for the coefficients of 11 in the char-
acteristic determinant.

l 1  3  - 2

1 8  4  |
1 9  |  6

This determinant is evaluated using the method described in the previous steps.

l t  t  t  I  t  ?l:\;x-ix^,.'
l i. i**l-i

= t(7)(4)(6) + (3Xt)(e) + (-2X8Xl)l - l(e)(4)(-2) + (1)(1X7) + (6X8)(3)l

= (168  +27  -16 ) - ( - ' 72+7  +144)=179-  79=  100

11 is found by dividing this determinant value by the value of the characteristic determi-
nant. The negative results indicates that the actual current is in a direction opposite to the
original assumption.

3
4
I = 

#= 4 .125 A
1
0

-5

12 and \ are found in a similar way.

Determine the value of 12 from the following set of equations:

2 I r + 0 . 5 1 r * 1 1 3 = Q

0 . 7 5 1 1 + 0 1 2 + 2 I t = l . J

3 I r + 0 . 2 1 r * 0 1 r = - 1

Solution The characteristic determinant is evaluated as follows:

7
8
9

3 - 2
4 l
l 6

2 0.5 I
0.75 0 2
3 0.2 0

2 0.5
0.75 0
3 0.2

= t(2X0X0) + (0.sX2X3) + (1X0.7s)(0.2)l - t(3X0)(r) + (0.2)(2)(2) + (0X0.7s)(0.s)l
= (0 + 3 + 0.15) - (0 + 0.8 + 0) = 3.15 - 0.8 = 2.35

The determinant for.L is evaluated as follows:

1 2 0 1
|  
0.75 l.s 2

1 3  - 1  0

2 0
0.75 1.5
3 - l

= t(2)(1.sx0) + (0x2x3) + (1)(0.7sx-1)l - I(3x1.s)(1) + (-1)(2)(2) + (0X0.7sX0)l
= [0+  0+ ( -0 .75) ]  - [4 .5  +  ( -4 )  +0 ]  =4 .75  -0 .5=-1 .25
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Finally,

- 1  ) 5
l r= 

zj i  
= -0.532 A = -532 mA

Related Prohlem Determine the value of 11 in the set of equations used in Example
9-3.

The Cofactor Method Unlike the expansion method, the cofactor method can be used
to evaluate determinants with higher orders than three and is therefore more versatile. We
will use a third-order determinant to illustrate the method, keeping in mind that fourth-,
flfth-, and higher-order determinants can be evaluated in a similar way. The following
specific determinant is used to demonstrate the cofactor method on a step-by-step basis.

1 3 - 2
4 0  - l

5  1 . 5  6

Step 1. Select any one column or row in the determinant. Each number in the selected
column or row is used as a multiplying factor. For illustration, we will use the
first column.

1 3 - 2
4 0  - 1

5  1 . 5  6

Step 2. Determine the cofactor for each number in the selected column (or row). The
cofactor for a given number is the determinant formed by all numbers that are
not in the same column or row as the siven number. This is illustrated as fol-
lows:

Step 3. Assign the proper sign to each multiplying factor according to the following
format (note the alternating pattern):

l +  + l
l _ + _ l
l .

Step 4. Sum all of the products of each multiplying factor and its associated cofactor
using the appropriate sign.

1 3 - 2
4 0 - 1
s 1 . 5 6

t
Cofactor for 1

0 - l

1 .5  6

t 3 - 7
4  0  -1

5  1 . 5 6

t
Cofactor fbr 4

3 - Z

1.5  6

1 3 - 2
4 0 - 1
5  1 . 5 6

t
Cofactor for 5

l x - 4 x + 5 x
j - z

0 - 1

= 1[(0X6) - (1.s)(-1)] - 4t(3X6) + (1.sx-2)l + s[(3X-1) + (0)(-2)]
= 1(1.5) - 4(15) + 5(-3) = 1.5 - 60 - 15 = -13.5
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sEcTroN 9-2
REVIEW

1. Evaluate the following determinants:
( a ) 1 0  - l l  ( b ) l  o . 2 s  0 . 3 3  I  ( c )

1 4  8 l  l - o . s  I  I
1
2

-4

3 7
-1 7

0 - 2
2. Set up the characteristic determinant for the following set of

tionsl
simultaneous equa-

. l

2 1 1  + 3 I r = Q

511 + 4I r= |

3. Find /2 in Question 2.

9-3 r SOIV|NG STMULTANEOUS EQUATIONS USTNG A
CALCULATOR

EXAMPTE 9-4 Repeat Example 9-3 using the cofactor method to find I2.The equations are repeated
below.

2 I t + 0 . 5 \ + 1 1 3 = 0

0 . 7 5 1 r + 0 1 2 + 2 I r = l . J

3 I t + 0 . 2 1 t t 0 1 3 = - l

Solution Evaluate the characteristic determinant as follows:

2 0.5 I
0.75 0 2
3 0.2 0

2 0 1
0.7  5  1 .5  2
3 - r 0

=z"l |z 'o l -or '  
"  l3 i  i  l .  ,  ,  l3 '  

' )

= 2[(0)(0) - (0.2)(2)l - 0.7st(0.sx0) - (0.2X1)] + 3[(0.s)(2) - (0X1)]
= 2(-0.4) - 0.7 5(-0.2) + 3(l) = -0.8 + 0. l5 + 3 = 2.35

The determinant for 12 is

=, "  |  -1 '  l l -0,"  I -? I  l .  , '  l?,  : l
= 2t(1.sX0) * (-1X2)l - 0.7st(0X0) - (-1)(1)l + 3t(0X2) - (1.sXl) l
= 2(2) - 0.75(1) + 3(-1.5) = 4 - 0.75 - 4.5 = -7.25

Then,

b=7#=-0 .532,4 '=  -532mA
l . 3 J

Related Problem Find 11 using the cofactor method. Use the set of equations in
Examnle 9-4.

You have learned two ways to solve simultaneous equations, the substitation methoil
and the determinant method. In this section, you will lesrn how to use a calculstor to
solve any number of simultaneous equations up to thirty. Your calcalutor und the
method discassed in this section can be applied whenever simultuneous equations are
part of a circuit analysis problem, regardless of method used.
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After completing this section, you should be able to

I Use a calculator to solve simultaneous equations for unknown quantities
. Set up the calculator for any number of simultaneous equations up to thirty
. Enter the simultaneous equations
. Determine the values of the unknown variables
. Edit the equations

Entering Simultaneous Equations

The following steps are used to enter simultaneous equations in the TI-85 calculator:

Step 1. Press @ and then SIMULT; the screen in Figure 94 appears.

FICURE 9-4

Step 2. Enter the number of simultaneous equations and press f€ffii] . The coefficient
entry screen for the first equation appears as shown in Figure 9-5(a) for a
three-equation example. The coefficient a1,1 is the first coefficient in the first
equation, al,2 is the second coefficient in the first equation, and so on. The
equation is displayed on the top line as a1,1x I . . . al,3X3 = bl. Completely
written out, this equation would be

a l , 1 X 1  +  a l , 2 x 2 +  a 1 , 3 X 3  =  b 1

where X l, X2, and X3 are the unknown variables and b1 is the constant.

Step 3. Enter the value for each of the coefficienlqlt1,1 through al,3 and for bl. Press
GffiE6] uft"t each entry. If you press fgffim after entering the last coefficient
or select NEXT using the @ key, the second equation and coefficients are dis-
played as shown in Figure 9-5(b). Enter the value for each of the coefficients
a2,1 through a2,3 andforb2. Repeat the entry process for the third equation,
which is displayed as shown in Figure 9-5(c).

Solving the Equations

After entering the coefficients in steps 1 through 3,
values for xl, x2, and x3 are displayed.

select SOLVE by pressing @. ttre
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EXAMPLE 9-5

Editing the Equations
You can change the coefficients of any of the equations by selecting COEFS using the
ffi key. This will return you to the first equation entry scieen. To get to the next Jqua-
tion entry screen, simply step through the coefficients in the current screen until the next
screen comes up.

Use the TI-85 calculator to solve the following three simultaneus equations for the
three unknowns.

8 I r + 4 I t + l h = 7
2 1 1 - 5 1 2 + 6 h = 3
3 I r + 3 I r - 2 \ = - 5

Solution Press @ then SIMULT to enter the number of equations as shown in Fig-
ure 9-6.

FIGURE 9-6

After you enter 3 and press
ficients 8, 4, I and the constant 7 are entered by pressing each number key followed
by the ffi] key, which results in the screen shown in Figure 9J(a). After you enter
the last number and press fgireS], the second equation screen appears. Enter the coef-
ficients 2, -5, 6 and the constant 3 as shown in Figure 9-7(b) (A negative value is
entered by first pressing the @ key.). Finally, enter the coefficients of the third equa-
tion (3, 3, -2) and the constant -5 as shown in Figure 9-7(c).

Selecting SOLVE, which is @, produces the results displayed in Figure 9-8.
X I is 11, x2 is 12, and X3 is 13.

FIGURE 9-7
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FIGURE 9-B

Related Problem Edit the equations to change al,2 from 4 to _3, a2,3 from 6 to 2.5,
and b3 from -5 to 8 and solve the modified equations.

1. Use your calculator to solve the following set of simultaneous equations for 11, 12,
Ij, and Ia.

1001, + 2201r+ 1801. + 33010 = g

4701t + 3901, + 1001, + l0OIo = 12
l20l t - 2701;, + 15013 - 18010 : -9

5601,  + 68012-22OIr+ 3901o=g

2. Modify the equations in Question 1 by changing the constant in the first equation to
8.5, the coefficient of 13 in the second equation to220, and the coefficient of 11 in
the fourth equation to 330. Solve the new set of equations.

In the mesh current method, you will work with loop currents instead of branch cur-
rents. A branch carrent is the actuql current through a brsnch. An ammeter placed in
a given brunch will measare the brunch current. Loop currents are dffirent because
they are mathematical quantities that &re used to make circuit analysis somewhat eas-
ier thqn with the brunch current method, The term mesh comes from the fact that a
muhiple-Ioop circuit, when drawn, cun be imagined to resemble a wire mesh,

After completing this section, you should be able to

I Use mesh analysis to find unknown quantities in a circuit
. Assign loop currents
. Apply Kirchhoff's voltage law around each loop
. Develop the loop (mesh) equations
. Solve the loop equations

A systematic method of mesh analysis is given in the following steps and is illustrated in
Figure 9-9, which is essentially the same circuit configuration as in Figure 9-1 used in
the branch current analysis. It demonstrates the basic principles well.

Step 1,. Although direction of an assigned loop current is arbitrary, we will assign a
current in the clockwise (CW) direction around each nonredundant closed loop,
for consistency. This may not be the actual current direction, but it does not
matter. The number of loop-curent assignments must be sufficient to include
cuffent through all components in the circuit.
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Step 2. Indicate the voltage drop polarities in each loop based on the assigned current
directions.

Step 3. Apply Kirchhoff's voltage law around each closed loop. When more than one
loop current passes through a component, include its voltage drop. This results
in one equation for each loop.

Step 4. Using substitution or determinants, solve the resulting equations for the loop
curTents.

FIGURE 9-9
Circuit for mesh analysis.

First, the loop currents 11 and 12 are assigned in the CW direction as shown in Fig-
ure 9-9. A loop current could be assigned around the outer perimeter of the circuit, but
this would be redundant since 11 and 12 akeady pass through all of the components.

Second, the polarities of the voltage drops across Rr Rz, and R3 are shown based on
the loop-current directions. Notice that 11 and 12 are in opposite directions through R2
because R2 is common to both loops. Therefore, two voltage polarities are indicated. In
reality, the R2 current cannot be separated into two parts, but remember that the loop cur-
rents are basically mathematical quantities used for analysis purposes. The polarities of
the voltage sources are fixed and are not affected by the current assignments.

Third, Kirchhoff's voltage law applied to the two loops results in the following two
equations:

RJl + R2(It - Iz) = Vsr for loop I

R3l2 + Rr(l, - I) = -Vsz for loop 2

Notice that 11 is positive in loop I and 12 is positive in loop 2.
Fourth, the like terms in the equations are combined and rearranged into a form for

convenient solution so that they have the same position in each equation, that is, the 11
term is first and the 12 term is second. The equations are rearranged into the following
form. Once the loop currents are evaluated, all of the branch currents can be determined.

(R1 + R2X1 - R2I2 = l/r, for loop I
-RzI\ + (R, + Rr)I, - - Vsz for loop 2

Notice that in the mesh current method only two equations are required for the
same circuit that required three equations in the branch current method. The last two
equations (developed in the fourth step) follow a form to make mesh analysis easier.
Referring to these last two equations, notice that for loop 1, the total resistance in the
loop, R1 + R2, is multiplied by 11 (its loop current). Also in the loop 1 equation, the resis-
tance common to both loops, R2, is multiplied by the other loop current, 12, and subtracted
from the first term. The same form is seen in the loop 2 equation except that the terms
have been rearranged. From these observations, a concise rule for applying steps I to 4 is
as follows:

(Sum of resistors in loop) times (loop current) minus (each common resis-
tor) times (associated adjacent loop current) equals (source voltage in the
toop).

Example 9-6 illustrates the application of this rule to the mesh current analysis of a cir-
cuit.

R3R1
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EXAMPTE 9-6 Using the mesh current method, find the branch currents in Fisure 9-10.

FIGURE 9-10 R1
4'7 Q

R3
82f, )

v  s l

1 0 v
vsz
5 V

solution Assign the loop currents G and 1) as shown in Figure 9-10; resistance
values are in ohms and voltage values are in volts. Use the rule described to set up the
two loop equations.

( 4 7  + 2 2 ) L - 2 2 1 r = 1 9
69 I t -2212=10  fo r l oop  I

-221, + (22 + 82)12= -5
-2211 + l04lr= -5 for loop 2

Use determinants to find 11.

I  t g  _ n l
7, = L5__Je4 _ (J.0)(ro4) - (-s)(-22) _ 1040 - 110 _
" : 1  a s  - 2 4 - M =  , n 6 4 s +  

=  1 3 9 m A
t -22 1041

Solving for 12 yields

|  6 9  1 0 1

L_ t -22  
- s t  

_  (69X_s )_ (_22X10)  __345_ (_220 )  _  1caz - 
6692 6692 

= - 
6692 

= -18'7 mA

The negative sign on 12 means that its assigned direction is opposite to the actual current.
Now find the actual branch cunents. Since 11 is the only current through R1, it is

also the branch current 1a1.

Im= It = 139 mA

Since 12 is the only current through R3, it is also the branch current 1o3.

Inz = Iz = -18.7 mA (opposite direction of that originally assigned to 1r)

Both loop currents I, and 12 are through R2 in the same direction. Remember. the
negative 12vallue told you to reverse its assigned direction.

Inz= It - Iz= I39 mA - (-18.7 mA) = 158 mA

Keep in mind that once you know the branch currents, you can find the voltages
by using Ohm's law.

Related Problem Solve for the two loop currents using your calculator.
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Circuits with More Than Two Loops
The mesh method also can be systematically applied to circuits with any number of loops.
Of course, the more loops there are, the more difficult is the solution, but calculators have
greatly simplified the problem. However, the basic procedure still applies. For example,
for a three-loop circuit, three simultaneous equations are required. Example 9-7 illus-
trates the analysis of a three-loop circuit.

Find 13 in Figure 9-11.

FIGURE 9-11

vsr
6 V

Solution Assign three CW loop currents (11, 12, and 13) as shown in Figure 9-11.
Then use the rule to set up each loop equation. The polarity of a voltage source is pos-
itive when the assigned mesh current is out of the positive terminal. The loop equations
are

l02h -2212 -33 \=Q fo r  l oop  1
-2211+3212- lO\=$ for  loop 2
-33L - l0I2 + 43\ = 8 for loop 3

You can solve these three equations for the loop currents by substitution or, more
easily, with third-order determinants.

Determine 13 using determinants as follows. First, evaluate the characteristic
determinant.

*' "l 1? i3 | - e,D "l ::o .o1l. r-o "l-ii _i;
r02IQ2)(43) -(*10X-10)l-e2Dte2D@3)- (-10X-33)l +(-33)[(-22X-10)- (32)(-33)]
102(127 6) + 22(-l2t 6) - 33(127 6) = 130,152 - 28,07 2 - 42,108 = 59,97 2

Next, evaluate the Ij determinant.

EXAMPLE 9-7

-22 -33
32 -r0

-10 43

102 -22

-33 -10

vsz
8 V

l02
a a

- J J

0
6
8

= r c z " 1 1 l u  u r l - e t > "- ) )  o l" l + t - 3 3 ) x
- 1 0  8 l

- 2 2  0 l
3 2  6 l

= 102[(33)(8) - (-10X6)] + 22[(-22)(8) - (-10X0)] - 331(-22)(6) - (32X0)l
= 102(316) + 22(-176) - 33(-132) = 32,232 - 3872 + 4356 = 32,716
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Determine 13 by dividing the value of the 13 determinant by the value of the char-
acteri stic deterrninant.

t, = !f!= 546 mA- 
59,912

The other loop currents are found similarly. The actual branch currents and
voltages can be determined once you know the loop currents.

Related Problem Solve for the three loop cunents using your calculator.

1. Do the loop currents necessarily represent the actual currents in the branches?

2. When you solve for a loop current and get a negative value, what does it mean?

3. What circuit law is used in the mesh current method?

toN 9-4
IEW

r NODE VOTTAGE METHOD

Another method of analysis of multipleJoop circuits is culled the node voltage
method. It is bused on finding the voltages at euch node in the circuit using Kirch-
hoff's current law, A node is the junction of two or more components.

After completing this section, you shoul.d be able to

r Use node analysis to find unknown quantities in a circuit
. Select the nodes at which the voltage is unknown and assign currents
. Apply Kirchhoff's current law at each node
. Develop the node equations
. Solve the node equations

The general steps for the node voltage method of circuit analysis are as follows:

Step 1. Determine the number of nodes.

Step 2. Select one node as a reference. All voltages will be relative to the reference
node. Assign voltage designations to each node where the voltage is unknown.

Step 3. Assign cunents at each node where the voltage is unknown, except at the ref-
erence node. The directions are arbitrary.

Step 4. Apply Kirchhoff's current law to each node where currents are assigned.

Step 5. Express the current equations in terms of voltages, and solve the equations for
the unknown node voltages using Ohm's law.

We will use Figure 9-I2 to illustrate the general approach to node voltage analysis.
First, establish the nodes. In this case, there are four nodes, as indicated in the figure. Sec-
ond, let's use node B as the reference. Think of it as the circuit's reference ground. Node
voltages C and D are aheady known to be the source voltages. The voltage at node A is
the only unknown; it is designated as Va. Third, arbitrarily assign the branch currents at
node A as indicated in the figure. Fourlh. the Kirchhoff current eouation at node A is

I m - I o z * 1 p 3 = Q
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FIGURE 9-12
Circuit for node voltage analysis.

EXAMPTE 9-B Find the node voltage Vo in Figure 9-13.

Fifth, express the currents in terms of circuit voltages using Ohm's law.

,  v r  vs r - vo
Rr Rr

,  - V z  - V o,or_ 
R" 

_ 
R,

,  _ l z _ V r r - V o'o' - 
R: R3

Substituting these terms into the current equation yields

vs , - vo  vA  .  vsz -vo  n
&  R .  

= "

The only unknown is Va; so solve the single equation by combining and rearrang-
ing terms. Once the voltage is known, all branch currents can be calculated. Example 9-8
illustrates this method further.

Node D

R1
47o"

R3
82 ( )

- , r
'R2 

|

I

<-

Int

R2
2 2 4

Yst
1 0 v

vsz
5 V

FIGURE 9-13

Solution The reference node is chosen at B. The unknown node voltage is Va, as
indicated in Figure 9-13. This is the only unknown voltage. Branch currents are
assigned at node A as shown. The current equation is

I m - I n z * 1 s - Q

Substitution for currents using Ohm's law gives the equation in terms of voltages.

l 0 - v ^  v o  5 - v ,
47 22 82

+
1nr

Node,4

' , / R r
^  /  -  r ^ ^  +

Node B

+
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Rearranging the terms yields

1 0  _ V A  _ V o  *  
5  _ _ % _ = 6

47 47 22 82 82

_ v e  _ v a  _ V e  = _ _ 1 q _ a
41 22 82 4t 82

To solve for va, combine the terms on each side of the equation and find the common
denominator.

1804v + 3854V + 1034V 820 + 235
385484,788

6692VA _ 1055
84,788 3854

u^=ffiffi =3.47y
Related Problem Find Va in Figure 9-13 if the 5 V source is reversed.

using the same basic procedure, you can analyze circuits with more than one
unknown node voltage. Example 9-9 illustrates this calculation for two unknown node
voltaees.

EXAMPTE 9-9 Using the node analysis method, calculate Va and Vs in the circuit of Figure 9-14.

Y s l

4 .5  V

FIGURE 9-14

Solution First, assign the branch currents as shown in Figure
Kirchhoff's current law at each node. At node A,

I n t - I o r - 1 n : = 0

Using Ohm's law substitution for the currents yields

Ys2

1 V

9-14. Next, apply

1 4 . 5 - V ^ \  l V ^ \  / V ^ - V " \
|  

-  
|  -  |  

-  
|  -  |  

-  
|  =  t ,

\  470  /  \680/  \  330 )
4.5 _ VA _ VA _ Vo * Vu =o
470 470 680 330 330

1 1  |  |  \ . .  l t  \ . .  4 . s
lo,  

*  
680 

* 
3: .nf^ 

-(rr /u '= 
4io

Rs
100 c)

---ta -

Inz
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V e =

t0.00663 0.00957
t0.00303 0.07

Next, using your calculatoq evaluate the coefficients and constant in the last equation.
The resulting equation for node A is

0.00663YA - 0.00303Y8 = 0.00957

At node 4

I n z - I a + - 1 n s = 0

Again use Ohm's law substitution.

(  vo-  vu\  _  (  vu \  _  |  vu-  ?7) \  _  o
\  3 3 0  / - \ t o r / - \  r o o  / = "

la- - lB- -  vB -+ -* =o
130 330 1000 r00 r00

/ r \ _ .  l t  l  l \ . _  1
l - l l  ^ - l -  - f - - t - l l D = -

\330/  
^  

\330 1000 t00 l  "  r00

Evaluate the coefficients and constant. The equation for node B is

0.00303YA - O.O|403VB = 0.07

Next, these two node equations must be solved for Va and V6. Use determinants
to get the solutions.

0.00957 -0.00303 
|

0.07 -0.014031 (0.00957x-0.01403) - (0.07x-0.00303)
0.00663 -0.003031 (0.00663)(-0.01403)-(0.00303x-0.00303)
0.00303 -0.01403 |

-928 mV

(0.00663x0.07) - (0.00303x0.009s7)= -5.19 VV a =
t0.00663 -0.00303

t0.00303 -0.01403
(0.00663)(-0.01403) - (0.00303x-0.00303)

Related Prohlem Solve the two node equations for Va and Vs using your calculator.

L What circuit law is the basis for lhe node voltage rnethod?

2. What is the reference,oode?
sEcTloN 9.5
REVIEW

9-6 r TECHnology Theory lnto Practice

Analysis of a dual-polarity losded voltage divider provi.des an opportunity to apply
one of the analysis methods covered in this chapter. The dual-polarity voltage di
circuit in this section operates from two voltage sources. One source is +9 V and the
other is -9 V These two voltage sources sapply both positive and negative voltages
thut are ilivided down to produce reference vokages for two d.ffirent devices.

The voltage divider that you will check out in this TECH TIP section will be used
provide reference voltages to two devices using 9 V batteries. One ofthe devices requi
a positive reference voltage and presents a 27 kQ load to the voltage divider
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other device requires a negative reference voltage and presents a 15 kQ load to the
voltage divider. The schematic of the loaded dual-polarity voltage divider is shown in Fig-
ure 9-15.

The self-contained dual-polarity voltage divider is constructed on the PC board
shown in Figure 9-16. The two batteries are clip-mounted directly on the board and wired
to the printed circuit pads as indicated. The two load devices can be connected to the ter-
minal strip.

v s l

9 V

vsz
9 V

FICURE 9-15

FIGURE 9-16

The Printed Circuit Board and Schematic
r Check the PC board in Figure 9-16 to make sure that it agrees with the schematic in

Figure 9-15. Relate each input, output, and component on the board to the schematic.

Analysis and Troubleshooting
r Referring to Figure 9-17, determine if the voltmeter readings a.re correct. The output

voltages are measured without the loads connected.
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FIGURE 9_17
Circled numbers show corresponding connectinns.

FIGURE 9-18
Circled numbers show conesponding connections.

Referring to Figure 9-18, apply the node voltage method to determine if the voltmeter
readings are correct. You may need to redraw the schematic in a more familiar form.
The output voltages are measured with a 21 kQ load connected from output I to
ground to simulate one of the devices connected to the voltage divider.

\,a t l
9o( 1 )

Frc
Cirt

/ 1 16\o/;\\,

Referring to Figure 9-19, apply the node voltage method to determine if the voltmeter
readings are correct. You may need to redraw the schematic in a more familiar form.
The output voltages are measured with a 27 kA load connected from output 1 t0
ground and a 15 kQ load from output 2 to ground to simulate both devices connected
to the voltage divider.
If meter 1 reads +7.50 V and meter 2 reads +5.71 V in Figure 9-19, what is the prob-
lem?
If meter 1 reads +8.21 Y and meter 2 reads -7.38 V in Figure 9-19, what is the prob-
lem?

Meter 1 Meter 2

Meter I Meter 2
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ri')(r\

9-1 9
numbers show corresponding connections.

SUMMARY

CI.OSSARY

1 l*.Ttr" 
the minimum value for the fuses in the voltage-divider circuir.

2. If the batteries are each rated at 10 Ah, how long will the voltage-divider circuit
operate under unloaded conditions?

r The branch current method is based on Kirchhoff's voltage law and Kirchhoff's current law.
I Simultaneous equations can be solved by substitution, by determinants, or by a graphics calcula-

tor.

I The number of equations must be equal to the number of unknowns.
r second-order determinants are evaluated by adding the signed cross-products.
r Third-order determinants are evaluated by the expansion method or by the cofactor method.
r The mesh current method is based on Kirchhoff,s voltage law.
I A loop current is not necessarily the actuai current in a branch.
r The node voltage method is based on Kirchhoff,s current law.

These terms are also in the end-of-book glossary.

Branch One current path that connects two nodes.
Branch current The actual current in a branch.
Coefficient The constant number that appears in front of a variable.
Determinant An array of coefficients and constants in a given set of simultaneous equations.
Loop A closed current path in a circuit.

Node The junction of two or more components.

1. Assuming the voltage source values in Figure 9-l are known, there is/are
(a) 3 nonredundant loops (b) I unknown node (c) 2 nonredundant loops

Meter 2

SEtF.TEST

(d) 2 unknown nodes (e) both answers (b) and (c)
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r PROBLEMS

3.

2. In assigning the direction of branch currents,
(a) the directions are critical (b) they must all be in the same direction

(c) they must all point into a node (d) the directions are not critical

The branch current method uses

(a) Ohm's law and Kirchhoff's voltage law

(b) Kirchhoff's voltage and current laws

(c) the superposition theorem and Kirchhoff's current law

(d) Thevenin's theorem and Kirchhoff's voltage law

A characteristic determinant for two simultaneous equations will have

(a) 2 rows and I column (b) 1 row and 2 columns

(c) 2 rows and 2 columns

The first row of a certain determinant has the numbers 2 and 4. The second row has the
bers 6 and 1. The value of this determinant is

(a) 22 (b) 2 (c) -22 (d) 8

The expansion method for evaluating determinants is

(a) good only for second-order determinants

(b) good only for both second and third-order determinants

(c) good for any determinant

(d) better than the cofactor method

The mesh current method is based on

(a) Kirchhoff's current law (b) Ohm's law
(c) the superposition theorem (d) Kirchhoff's voltage law

8. The node voltage method is based on
(a) Kirchhoff's current law ft) Ohm's law

(c) the superposition theorem (d) Kirchhoff's voltage law

9. In the node voltage method,

(a) currents are assigned at each node

(b) currents are assigned at the reference node

(c) the current directions are arbitrary

(d) currents are assigned only at the nodes where the voltage is unknown

(e) both answers (c) and (d)

10. Generally, the node voltage method results in

(a) more equations than the mesh current method

(b) fewer equations than the mesh current method

(c) the same number of equations as the mesh current method

More dfficult problems are indicated by an asterisk (*).

SECTION 9-1 Branch Current Method
1. Identify all possible nonredundant loops in Figure 9-20.

4.

6.

n

FIGURE 9-20
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2. Identify all nodes in Figure 9-20. Which ones have a known voltage?
3. Write the Kirchhoff cuffent equation for the current assignment shown at node A in Fisure

9-2r.

FICURE 9-21 Rr
8.2 c)

vsz
6 V

4. Solve for each of the branch currents in Figure 9-21.
5. Find the voltage drop across each resistor in Figure 9-21 and,indicate its actual polarity.
6. using the substitution method, solve the following set of equations for 1p1 and Io2.

1001or + 501*t=39

7 5 1 ^ r + 9 0 l o r = 1 5

7. Using the substitution method, solve the following set of three equations for all currents:

51 i l -21R2 +  81R3=1

2 I N + 4 1 R 2 - I 2 I o r = 5

701R1+61R2 +  91n3=0

*8. Find the current through each resistor inFigure 9-22.

FIGURE 9-22

9. In Figure 9-22, determine the voltage across the current source (points A and _B).

ys

12V
R3
68 f )

SECTION 9-2 Determinants
10. Evaluate each determinant:

( u ) 1 4  6 l  ( b ) l e - 1  I
1 2  3 l  l 0 s l

5 4 1
2 t 0  0

11. Using determinants, solve the following set of equations for both curents;

- 1 1  * 2 I r = {

7 1 1 +  3 I t =  $

12. Evaluate each of the determinants using the expansion method:
(a) 1 0 -2 1 (b)t  0.s I  _0.8

(c) | 12 15

l - z  - 1

0.1  r .2  1 .5
-0.1 -0.3 5

(d) I r00 s0 I
|  30  -201

13. Evaluate each of the determinants using the cofactor method:

1.08 1.7 5 0.55
0 2.12 -0.98

r 3.49 -1.05

25 0 -20

1 0 1 2  5
-8 30 -16

(a) (b)
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R1
47o"

14. Find It and \ in Example 9-3.
15. Solve for Iy 12,13 in the following set of equations:

211- 612+ lOL= 9

3 I t + 7 1 2 - 8 1 r = 3

1 O I 1 + 5 1 2 - I 2 I r = g

*16. Find Vl, V2, V3, and V4 from the following set of equations:

76V + 10V2 - 8% - 3Vo= 15

2 V + 0 V 2 +  5 Y 3  +  2 V o = g
- 7 \ - l 2 v z + 0 V 3 + 0 V 4 = 9

-lVt + 20V2- 18V + OVa = lQ

SECTION 9-3 Solving Simultaneous Equations Using a Calculator

17. Solve the two simultaneous equations in Problem 6 using your calculator.
18. Solve the three simultaneous equations in Problem 7 using your calculator.
19. Solve the three simultaneous equations in Problem 15 using your calculator.
20. Solve the four simultaneous equations in Problem 16 using your calculator.

SECTION 9-4 Mesh Current Method

21. Using the mesh current method, find the loop currents in Figure 9-23.
22. Find, the branch currents inFigure9-23.
23. Determine the voltages and their proper polarities for each resistor in Figure 9-23.
24. Write the loop equations for the circuit inFrgure924.

FIGURE 9-23

Solve for the loop currents in Figure 9-24 using your calculator.

Find the current through each resistor in Figure 9-24.

R2Rl

vs:
6 V

vsr
2 Y

25.
26.

R3
27o.

R5
1 5 C )

t/v s t

1.5  V

FIGURE 9-24

27. Determine the voltage across the open bridge terminals, A and B, in Figure 9-25.

28. When a 10 C) resistor is connected from point A to point B in Figure 9-25, what is the
rent through it?

29. Find the current through Rt in Figure 9-26.

{ o o
\  < 4 . 7 o  \

R ) \ l  \
r o o  J  * l  l

I  + V . "  I

\!-/ T'u "--!-/



R5

2.2ko.

R3
3.3 kO

R5
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910 f,)

v s 3

5 V

FICURE 9_26

SECTION 9-5 Node Voltage Method

30. In Figure 9-27, we the node voltage method to find the voltage at point A with respect to
ground.

31. What are the branch current values in Figure 9-27? Show the actual direction of current in
each branch.

32. Write the node voltage equations for Figure 9-24.lJse your calculator to find the node volt-
ages.

vsr
3 0 v

FICURE 9-27

33. Use node analysis to determine the voltage at points A and
ure 9-28.

R,
100 f,)

B with respect to ground in Fig-

R l

56 kO
R3

91 ko
R5

82 kO

v s t

9 V
R2
27 kQ

R4
33 kO

t - , .

v s 3

1 5 V

1.8  kO
Rr R4 R1

_T  9V

i .0 ko

FIGURE 9-28

T  4 . 5 V
_L-:
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vst
24y

*34. Find the voltage at points A, B, and C inFigtre 9-29

FIGURE 9-29 R2
1.0 ko

R3
1.0 ko

v s 3

1 8 V

*35. Use node analysis, mesh analysis, or any other procedure to find all cuffents and the voltages
at each unknown node in Fisure 9-30.

FICURE 9-30

R3
12 kO

R8
6ko

EWB Tfoubleshooting and Analysis

These problems require your EWB compact disk.

36. Open file PRO09-36.EWB and measure the curent through each resistor.

37. Open file PRO09-37.EWB and measure the current through each resistor.

38. Open file PRO09-38.EWB and measure the voltages with respect to ground at nodes A and B.

39. Open file PRO09-39.8WB. Determine if there is a fault and, if so, specify the fault.

40. Open file PRO09-40.EWB and measure the voltages with respect to ground at output termi-
nals 1 and 2.

41. Open file PRO09-41.EWB and determine what the fault is.

42. Open file PRO09-42.EWB and determine what the fault is.

43. Ooen file PRO09-43.EWB and determine what the fault is.

. R 4

: 1.0 ko
R6 R1

A 1.0ko C 1.0 ko

l 6 k o  R 7 +  \  4 k o

p .  2 k o i  :
' 9  ^  l +4 .32Y

1 n  \ t  -  l /
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ANSWERS TO SELF-TEST I 339

Section 9-1
1. Kirchhoff's voltage law and Kirchhoff's current law are used in the branch current method.
2. False, but write the equations so that they are consistent with your assigned directions.
3. A loop is a closed path within a circuit.

4. A node is a junction of two or more components.

Section 9-2
r. (a) 4 (b) 0.415 (c) -98
2 . 1 2  3  |

1 5  4 l
3. *0.286 A = -286 mA

Section 9-3
r. 4 = -.038893s13289

Iz= .084110232475
Iz = .041925798204
I+ = -.067156192401

2. I, = -.956363148617
Iz = .0'7218287729
Iz = .065684612774
I+= -.041112571034

Section 9-4
l. No, loop currents are not necessarily the same as branch currents.
2. A negative value means the direction should be reversed.
3. Kirchhoff's voltage law is used in mesh analysis.

Section 9-5
I. Kirchhoff's current law is the basis for node analysis.
2. A reference node is the junction to which all circuit voltages are referenced,

Section 9-6
l. ft = 1.9 mA; use smallest available fuse with a rating greater than 1.9 mA.
2. l0 AWI.76 mA = 5682 h

9-l I i l  = 176 mA; Inz=77.8 mA; 1o. = -98.7 mA
9-2  3 .71A
9-3 -298 mA
9-4 -298mA

9-5 \ = -1.7 692307 6923; X2 = - 1 8.53 846 153 85 ; & = -34.461 53846t5
9-6 It = Xr = .138971906754 (= 139 mA); 12 = f,' = -.0186790t9725 (- _18.7 mA)
9-:7 11= Xr = .297872340426 (= 298 mA); 12 = X2 = .562762622557 (= 563 mA);

\ = X, = .545521243247 (= 546 mA)
9-8 1.92Y
9-9 V A = Xr = -.92837 257 5682 (= -928 mV); Vr = Xz = -5.18980533887 (= -5. 19 V)

1.
9.

(d)

(b)SELF.TEST
3. (b) 4. (c) 5. (c) 6. (b) 7. (d) 8 . ( a )


