Example 4.37 A rotor of mass 4 kg is mounted on 1 cm diameter shaft at a point 1(? cm from oneend,
The 25 cm long shaft is supported by bearings. Calculate the critical speed. If the
centre of gravity of the disc is 0.03 mm away from the geometric centre of rotor, find
the deflection of the shaft when its speed of rotation is 5000 r.p.m. Take
E=1.96x 10" N/nt. Find the critical speed when the rotor is mounted midway on

the shaft. (DCRU, Murthal, 2011
Solution. The critical speed is given as
o, = % and 5=3W—£%(12-x2—b2)
W=mg=4x981kg=3924 N
I=25cm=25m, x=0.10m
b=25-10=015m, d=1.0cm
I=F g4 -

64 -6% X (0.01)4 =49x10710 m?

5= P24 15x.10(0.25% -0.10? 0 152

©x196x10" x4.9x 100 05  ~12257x107 m

Critical speed o = JE _ om0 [
© V8 12257797 =2827rad/ sec

_282.7x60
- 2 =2701 I'pm.




— Frp{'eﬁ
an ﬁn m= = \l_\".\_ _ o / 5“}.’{-}"1
e ¢ 60 60  =52333,,, 1% _|203
ven ¢=0.03 mm
Gl B 523.33
r=o/o, =220 _q o
2827 ’ =34
_er?  03x342

-1 3427 0042mnm

when the rotor is mounted midway on the shaft, the <.
3 | deflecs; _

48F] ‘
EI 48 1.96 x 1017, 49,107 =131

Emnple 438 A shaft of2‘5 cm digmet ,freely .

Upporied by bearings 75 cm spars. carrizs 5 como
concentmtedloadaj’l%.zl\f,,,z',;zz,,.,zybE e fota szl

critical sgeed Assume that shaft material has a density 3% 15° 1z o gnd £ «

21x 10" N/nf. ma.sac-,s:rrrx.;m
‘ Solution. If a concentrated load is acting at the centre of beam whose weight is & be taken
0 account, the static deflection is given by

(W+1—7plg)l3
5= 35 _

i
48EI
c
5
ven  W-1962N, 1=75m=075m
p = mass per unit Iength
pet -3925kg/m

=8x10% x ® 42 =8x10° 7’;(25x10")‘
4

_g &
[=T gt =T x@25%x107%) =1916x10 " &
64 64

U .
“Ing the Values in above equation, ON€ gets o
(196.2 + 17 . 3.925 % (0.79)% 9-31)(9' _yspx10 T

e —

-8
48 x2.1x 10" 1.916x10
|- —= .. 161ad/E

6=




N

Gubstituting the above v

alues in the equations of motion, we get

3k — mw>) A, —kA; = kA, =0

— kA, +(3k - 1110)2)/\2 ~kA; =0
~ kA, — kA, + 3k - mo?)A, =0

The frequency equation

(3k - mo’)
-k
-k

is obtained as
-~k -k

(3k - mo’ ) —k =0
~k (3k - mo”)

Expanding the above determinant, we get

@® -9k / m)o’ +(2
Solving it, we get three

ak? | m?)o* —(16k> /m’) =0
values of natural frequencies as

w, = 03 =2/k/mrad/sec

/k
= [X rad
o rad/ sec |

A shaft of negligible weight 6 cm diameter and 5 metres long is simply supporte
ed ot

Example 6.9

the ends and carries four weights 50 kg each at equal distance over the length
shaft. Find the frequency of vibration by Dunkerley’s method. Take E =2 x 10° ko /Zé}w

| (K.U,, 2008)
Solution. The system is shown in Fig. 6.24. 50kg  50kg 50k
| g g kg
I=£d4=£x64=63.5850m4 AT cl D < -
. ]
The ger}eral expression for static deflection . ;-.lm I
because of point load W is given by | 3m—
4
y= Wil —sm R
= %
| 3EI | Fig. 6.24
So static deflection at point B
| = 50x100% x 400°
3x2x10° 63585 500 10 ™
Yo = 90%200% x 3002
3%2x10° x 63,585 x 500 > ™
yp = 20%300x300 % 200 x 200
=0.943 cm

Ye=

: R
3x2 %105 « 63.585 x 500

__50x 4002 x 1002
3%2x10° x 63,585 x 59 ~0-419 em
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| \P]*(‘H‘%i(\n for natural frequency is given by
e o

Genett Q
|9 rad/sec
m" Y

f, = w/2nHz
o198l _77Hy _1 [ 98
o= 2n \/.4]9 x 1072 ' Je 211,943 410 2 =513 Hz
fp= fe =5.13 Hz, fe=77Hz
cording o Dunkerley’s relation, we know
A p 1 1,1
=2t azt a2t
ﬁl .ﬂ fé fé
1 1 1 1 1
2 = + + + =.0337 5
2@ G182 (5137 (7Y 3+.075%
f*=9.113, f=3.01Hz
Example 6.10 Using matrix method, determine the natural frequencies of the system shown in
Fig. 6.25. (M.D.U,, 2010 ; PTU, 2012)

Solution. The equations of motion are

2mx, +2kx; +k(x; —x,)=0

2mx, +k(x, =% )+ k(xy —x3)=0

mx, +k(x;3 —x,)=0

2m 0 O
Mass matrix [m]=| 0 2m O
0 0 m
¥
m_lzad]m
|m|

| m| =2mx 2mx m=4m’

& 2m” 0 0
o i ]mz__l_s o 2m* O
lm} 4 0 0 4m*
We know that [Cl=[m]™" .[K] 1
3k _k 0 |
100][3 -k O 2;:1 %m -
c=Llo 1 0|+« 2k K |5\ -5, W 2m
0020 Kk k , & K
L m m
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/7‘»" -l - -‘ -k A
Let us assume )
‘ |Al =L | =0
[ 3k ¢ k 0
! ‘2 m 2m
| ?;m m 2m
Y A
0ty Mm
E\'panding it, we get ‘ .
=0
3

o) k k: - ‘;
5 _ 2 K L 3.25A— =9
A3 =354 - n

Solving it for A, we have ; X‘H
k = /‘2_'.=.44 \/m rad/ sec
A =2 (”)’ ™ m m

n.

_ k =1.~144\/E rad/ sec
Ay _1.31( ) , o

m
k k

(_), oy =1.414 /= rad/ sec
37" \m ; m

Determine the natural frequencies and mode shapes of the system shown in Fig. 625
by matrix iteration method. (PIL, m;

nr

Example 6.11

Solution. The influence coefficients are determined as
3 5

by =0y =3 =8y =3 =2lk' A =y =43 ETE 3 Tk

The equations for the abové system in terms of influence coefficients can be written as
X =2mayy %00 +2mag, X0 + Majyx,0°
Xy =2y, X, 0 +2may, x, ®® + ma23x3(02
Xy =2may x, 0 +2may, X,0° + ma33x3(02

The equation can be written in matrix form as

11 L[y
;‘1 \ 2au 2(112 “13 xl k k 2k
xz =me” | 2ga,, 2a,, Ay X, b =me? % % 53;_ { X
3 2“31 2((32 Ay X4 L35
12 =N
x k k 2k
1 1
x, | = ma® | 1172 %
’ Tk 1.3 3/2|{%
X, 2
13 5/2 | x,
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~ Three rail bogies are connecte d by two springs nfsf,ﬁ"mq q 5
,*'/nq.lc 6.13 mass of each bogey is 20 10° kg. Determine the 0> 10° N/ meach. The
i

frequencie
4 friction between the wheels and rails, uencies of vibration. Neglect

Refer Fig. 6.26.

colution

Ny Xy

k k k
m mo —AA—

0 OO

L]
8 L LG /,_/,'///1////////.'/////////////////////////////////////////////////////////////; 7
e

| i 648
The equations of motion can be written as

mx, +k(x; —x,)=0
m, +k(x; —x;)+ k(x; —x3)=0
mi, +k(x; - x,)=0

Let us assume the oscillation of the form x; = A; sin ot and substituting this value in the
hove equations, we have

(k —ma*) A —kA, =0
kA, + @2k —ma?) A, —kA; =0
—kA, + (k ma’) Ay =0
The frequency equatxon is obtained by putting the determinant of coefficients of A’s equal to

2810,
k — ma? -k | 0
% Qk-me?) - -k |=0
0 -k k — mo?

(k -me?)(m*o* - 3kme?)=0

whlth yields (1)1 =0, W, =JE, (O0) =E
m .

Substituting the numerical values, we get

f1=0
4 .
o, = 40.;xlp_=14,141-ad/sec, f2 =2.25Hz
20 x 103
. 5 W3 _
0, = 3_x40x10 94 49 rad/ sec, fa—z—t—&?)ﬂz
20 x 103




The equations of motion can be written ag
o - -
5i,lu‘ m iy ==k Xy k(%) =X3)=ky (x, -%,)
i, = —ka (X2 =Xy)

Xy = —kqy (x5 =)

R(\ | ’"15“‘ +(k1 4 kz + k3)x1 "k2x2 —k3x3 =0
11!2522 —kle + kzxz =0
MyXs —kyXy +kaxy =0

determinant form

N
(k, +ky +Ka ~mao?) -k, “k,
-k, k, —-m,e? 0 -0 .
._k3 0 k3 ‘m30)2
gubstituting k =7k, ko =5k, k; =5k and m =4m m,=3m, m =2m
(17k —4me®) -5k 5k
_5k 5k -3mae’ 0 0
—5k 0 5k —2ma?’ |

ixpanding the determinant, we get : 175k3 — 400mk? @? +202kn’ @* -24m’° @° =0

Solving the equation for «: m=0.78\[£ rad / sec
m |

Fample 6.16  Determine the lowest natural frequency of the system shown in Fig. 6.28 by matrid
method.

Solution. The differential equatiohs can be written as
mx, +(ky +ky + ky )y —ko¥s —kjx3 =0
myX, —ko%1 * kyx, =0

myxs —ka% + kyxs =0

: t
Substituting the values of masses and stiffnesses, W€ 86

g, + 17k —5kxa ~5K%s =0
- 3mi, -5k% * 5k, =0
ami, — k0 Y 5kx3 =(:
Putﬁng the above equations in matriX form,—‘;’: gi 5k 1| %
am 0 0 |( % 175kk T -
0 3m 0 |{% +:5k o 5k *3

0o 0 2m X3
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‘H.(s «
o (C can Dt
l)ynamic mn""‘l ! "
6m "
adiM_ 1.1 0 o 12m°
(M] = |'M|/ aam | o 07 -
Com’” 02 0 sk 5k 0
1 o 8m g sk 0 5k
[C1= 2am® 24m’ 0 0o 12m
-k 5k 3K
Z_T;l 4 m 4 m ~
-5 k _‘_5_.I£ 0 .{'-'Z:_%i‘,
=3 m 3m
sk o 2K
2 m 2 m |
—-Cl=0
() +[Clx =0 or [M-Cl
here ©* = A
" -17k 45k +5 k.
4m 4 m 47 A
+5k ék 0 =0
3m 3m ’
ﬂ;l‘_ 0 }b_él‘_
m 2 m
_ k) _
22 R T -3
4 m 3m 2m 4 m2m 3m
2 _101,2 k 310}»&_;@&_0
2 m 24 m* 24 n
A=6084 X
So = |p0sa k _ e [k ’
=78 |= rad/sec.
m m
Examp]e 6.17

A steel shaft of diameter 10 cm is
carrying three masses 2.5 kg, 3.75 kg

and 7 kg respectivel .
Flg 6.29. Y as Shown in

- e w— em— -

% Fig. 6.29
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/ The distances between the rotors 4

sorsional vibrations. The rag;; "€ 0.70 m, ) s
ctively, Take G = leof ation of th Tine th, Haturg)
P 4 =910 N/ . Tee rotors are ()20 ro ﬁequma-% 0
that9,,0 » Y30 and ( 49
et us assUMeE 1-9; and 9, are
‘A:Znt of inertias a3 Iy, I and I, theangula’ displacpm"nt f MDL, i)
-ments
: f";@ sions of motion can be written a the three rotors
At -
I 9;z-k(ﬂ 92) -k, -p,)
1,8, =+k(6, -0 )

p the motion of the form 6, = A, cos ot
j@,_@,zﬁ,andsoon.
situting these values in the above equations, we get
(k- Lo’ )4 kA, =0
kA +Qk-1, o) A, ~kA, =0
~kA, +(k ~ L, 6*)A, =0
szting the coefficients of A, A, and A; in determinant form to zero.
k-Lot -k 0
-k 2%k-Le&* -k |=0
0 -k kL&

Bpending the determinant, we get

i ’ 2 2
o | o £+Zl£+£ wz-g-—k-—- +'—k—"+i‘}=0
MRS S ¥ A VAR TR

% =

N- d
9x10° %, 10* ,1‘2616%10"N m/r2
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J (1.2616x 10)® (12616 104y gy
+ + \L-26]¢

1x.3375 Ax1.12 X4

X .3375:’]0]&

1

5.9259 + 10) + 65.581121x 10% =0

4
2 x1.2616x 10* | 1.2616

10*
2(1’-?_(11@1’—4-/0.3375 10

o -0 112
\

ot —@? x1.2616x 104(.8928 +

¢ _91.2184x10* @ +65.581121x10° =0
o —41.

ST 3
p— 2 5811x10°  21.2184 x 10*
21 2188 x10* £ (212184 x 10)” —4x 65 = 13707541

4
2 5 0\
w, =193.78 rad/ sec.

o

o =0, @ =417.88 rad/ sec,

Example 6.18 Find the natural frequencies and "mode shapes' of. the s'ystem shown in Fig. 64 "
k,=k,=k; and my =m, =1 u,smg.the matrix iteration method.  (py; % v
Solution. The differential equations in terms of influence coefficients can be written ,,
X, =AM O +apMX, @ + ayymyx;0°
X, =Gy MX,G +ApMyX, @ +AxMhX,0°
) *3 = “31'?‘13‘1"3 + 83y My X0 + Aga My X5 0
The infinence coefficients are .

1 : .
a11=;=a12 =3 =dy =0y, -
_1.F 2= .
2T T 2

1,11 3
E=+—-—+=-==
23 AR

ce coefficients in the above equations, we get

_m_ .2 m
h=rxne® += 2 . m 2
o ak kxzm +_k_x3m

m
Xy =2 2 . 2m
2 X, &m 2 2
e +mea(°2
m
3 kxco + =y (02+3L" )
This 2 X x30)
mbewnﬁmmmamxformas
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The ratios of calculated deflections are
X3 _1069.85 _2.15
L 4 4959 1.0

This ratio is much different from the assumed ratio.

4 Second trial
' 2 A
E=mao’ x| =1000*, F, =m, 0°x =50 0 x2.15=107.52
X = Ko,y + Fay,
=1000” x2.4795x 107 +107.50" x 4.959x 107 =781x 19% 2
X3 = Ray + Fay
=1000” x 4.959x 107 +107.5 0 x 11479 x10™° =1729.89x 1%
So xj:x]=221:1
The ratio is quite different from the assumed ratio in the start of this tria],
% Third trial
We get x'=7959x10"° &® and  xJ=1764.32x10" o
The ratio of deflections is

L

: 22 50111
oy

This ratio is equal to the starting value for this trial. Thus the assumed and
calculated values of ratio are equal.

So %] =1 (assumed)
'=7959x10"° @’ or 1=7959x107% o (calculated)
®=354.5 rad / sec |
f=2-5645Hz
2n
Example 6.21 Using Holzer method find the natural frequencies of the system shown in Fig. ;1:
Assumemj=mz=m3=1kgandk1=k2=k3=1N/m. (KUK,
Solution. Assuming the initial displacement X; =1and natural frequency ©=30 rad/sec
0)2 =3x.3 =.09
2
x
X2 =X -Aho =1—EX.09=.91
k; 1
x, +
X3 =1, -2 U101+ M%) =.91-.09%1 +.91)=0.74

k,

X, =1, -2 5 M, + myxy)

k =0.74 —.09 (1+.91+.74) =0.51
3
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s other deflections can be

5““] dyare directly put in the table 1
'gulaf ed a:a sumed frequency. The results
vdiffcf"“cv Jre obtained by drawing a curve
,ﬁfqum;a 4 displacement x as shown in
erel The natural frequencies are

e =DOM BYSTEM | 385

0y = A4 rad/sec
M4 = 1.80 rad/sec

2.0
1.0

0
= 1.0

r-2.()¢

TTTTTT——— ()

44 rad/se€ |
:=1.24 rad/ sec and ®, =1.80 rad / sec. {} Pig. 6.31
T;blel
ﬂ Row m ma’ x mxw? | T mxa’ k % T mxaw’
0=030 1 1 09 1.0 09 0.09 1 09
2_ 09 2 1 09 - 091 0819 0.17 1 17
& 1 .09 0.74 0666 0.23 1 0.23
I R AR Tt Ie i) (NN ¢ 2 s SIS NSO SUS—" T R
 9=050 1 1 25 1.0 0.25 0.25 1 0.25
=025 2 1 25 0.75 0.19 0.44 1 0.44
3 1 25 0.31 0.07 0.51 1 0.51
T 17020 . SR P SR
- 0=075 1 1 056 1.0 0.56 0.56 1 0.56 |
=056 2 1 0.56 0.44 0.24 0.80 1 0.80
| 3 1 056 | -036 | -020 0.60 1 0.60
- 0=10 1 1 1 1 1 i 1
- @=19 2 1 1 0 0 1 1 (1)
| 3 1 1 -1 -1 0 1
e e e = s 56 X 3_:2
| @' =156 2 1 1,56 ~56 87 0.69 1 e
3 1 156 | <125 | -195 | -126
P~ 1) R R s
=150 | 4 Ty 225 1.0 2.25 2.25 e
BRI LY " " no5 | -125 | -282 | -057 210
3 1 2.25 -0.68 -1.53 -2.10
‘: 1.40 o | 3.06
©=1m 1.0 3.06 3.06 Al
@ :3'.7056 ; ! 33(6, -2.06 -6.30 -3.24 : '3'36
; ] 3.06 1.18 3.60 0.36 7
i > 81 X 4
| — o 1 4 4 . -8
R Wlos | e s V] n
-S40 2 4.0 5 20 12 AT
3 L// 7] "__,‘_,_,.--'——-/J
&_______,___L_//‘
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