Subject: Mechanical Vibrations

Program: B.Tech. Mechanical Engineering

Subject Code: MEOQ705

Semester: VII

Teaching Scheme

Examination Evaluation Scheme

Continuous | Continuous
University University Internal Internal
Lecture | Tutorial | Practical | Credits Theory Practical Evaluation | Evaluation | Total
Examination | Examination (CIE)- (CIE)-
Theory Practical
2 2 2 4 24/60 24/60 16/40 16/40 200

Course Objectives
1.

2
3.
4

Introduction

Understand basics of vibration.

Understand continuous system.

CONTENTS

UNIT-I

Understand Multi-Degree of freedom systems and Natural Frequency calculations.

Understand of single degree of freedom systems- forced undamped and damped vibrations.

[10 hours]

Vibration terminology, Harmonic and periodic motions, Beats phenomenon, uses and effects,

practical applications and current research trends

Single Degree of Freedom Systems — Free Undamped and Damped Vibrations

Free undamped vibrations using Newton’s second law, D’ Alemberts principles, Energy method,

Rayleigh’s method, free damped vibrations, logarithmic decrement, under damped, over damped

and critically damped conditions.

Single Degree of Freedom Systems —Forced Undamped and Damped Vibrations

UNIT-I1

[12 hours]
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Forced harmonic undamped vibration, Damped free Magnification factor, Transmissibility,
Vibration Isolation, Equivalent viscous damping, Rotor unbalance, Excitation and Stability
analysis

Two Degree of Freedom Systems

Generalized and Principal coordinates, derivation of equations of motion, Lagrange’s equation,

Coordinate coupling, Forced Harmonic vibration.
UNIT-I11I

[14 hours]
Multi-Degree of Freedom Systems
Derivation of equations of motion for MDOFs, influence coefficient method, Properties of
undamped and damped vibrating systems: flexibility and stiffness matrices, reciprocity theorem,
Modal analysis.

Natural Frequency Calculations

Rayleigh method, Stodala method, Matrix iteration method , Holzer’s method and Dunkerley’s
method, Whirling Speed of shaft.

UNIT-IV

[14 hours]
Continuous Systems
Introduction to continuous systems, lateral vibration of string, transverse vibrations of the beam,
Orthogonality of eigenvectors.

Vibration Measurement Apparatus

Vibration measuring instruments, acceleration and frequency measuring instruments, FFT

analyzer.

Course outcomes

On the completion of this course, students will be able to...
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1. Comprehend basic concepts of vibrations and importance of vibration with respect to
machine design
2. To model any mechanical/structural components whose frequencies are required to be
calculated
3. Theoretically find natural frequencies of any damped/undamped as well as free/forced
vibration system
4. Find measured natural frequencies of any structure, component
List of Experiments
Sr. No. Title Learning Outcomes
1 After studying this experiment, student will able
to understand,
e Theoretical derivation of angular
To study frequency of simple vibrations
pendulum. e Find experimental frequencies of simple
pendulum
e Reasons for why theoretical frequencies
are deviating from experimental one
2 After studying this experiment, student will able

To study frequency of compound
pendulum.

to understand,

e Theoretical derivation of compound
pendulum/bar

¢ Find experimental frequencies of simple
pendulum

e Reasons for why theoretical frequencies

are deviating from experimental one
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To study frequency of sprig mass
system.

After studying this experiment, student will able

to understand,

e Theoretical derivation of Linear
vibrations

¢ Find experimental frequencies of simple
pendulum

¢ Reasons for why theoretical frequencies

are deviating from experimental one

To study frequency of lateral
vibration system.

After studying this experiment, student will able

to understand,

e Theoretical and experimental frequencies
of Lateral vibrations
e Reasons for why theoretical frequencies

are deviating from experimental one

To study frequency of torsion
vibration system (single Rotor).

After studying this experiment, student will able
to understand,

e Theoretical and experimental frequencies
of torsional vibrations
e Reasons for why theoretical frequencies

are deviating from experimental one

To study free damped vibration
system.

After studying this experiment, student will able
to understand,

e Theoretical and experimental frequencies
of damped torsional vibrations
e Reasons for why theoretical frequencies

are deviating from experimental one
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After studying this experiment, student will able
to understand,

To study whirling speed of shaft. e Theoretical and experimental frequencies

of whirling shaft

¢ Reasons for why theoretical frequencies

are deviating from experimental one

To study forced damped vibration o

system.

After studying this experiment, student will able
to understand,

Theoretical and experimental frequencies
of forced damped vibration systems
e Reasons for why theoretical frequencies

are deviating from experimental one

To study frequency of roller rolls
without slip inside cylinder

After studying this experiment, student will able
to understand,

e Theoretical and experimental frequencies
of Lateral vibrations
e Reasons for why theoretical frequencies

are deviating from experimental one

10

To study frequency of U tube
filled with liquid

After studying this experiment, student will able
to understand,

e Theoretical and experimental frequencies
of liquid filled in U tube
e Reasons for why theoretical frequencies

are deviating from experimental one
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Reference Books

Mechanical Vibration by Singiresu S. Rao, Pearson Education
Mechanical Vibrations by G. K. Groover, Nemchand & Bro
Theory of Vibration with Application by Willium T Thomson, Pearson Education

Theory and Problems of Mechanical Vibrations by Graham Kelly, schaum series

o > Wb oE

Fundamental of Mechanical Vibrations by Graham Kelly Mcgraw hill

Web resources
1. Mechanical Vibrations (http://nptel.ac.in/courses/112103111/)
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Chapfef 1: Fundamentals oJ( Vibration

*Im};ortance o{ sfua(/ o)( Vibration

— Most human actvities involve vibiation:

e We hear becawe owr eara‘mms Vibrate

°eWe see hecauwse (5)7fwaves wnde/jo Vibrah oy

° B/eaHﬂ/nﬂ is assoad{’eo[ w/f£ 17’\2 vibratiom 0][ }mﬂs
° wau«nj nvelves osci/lafo/)/ motion o//g’js and hands

° &’i’(,’.

w— Eﬁjn'nee/mj ap,p );caﬁzﬁls 0 )(

| v,-};/af/dn /nc-)u(-[e a/ear an o][ mac Lmé’))
jOMJ&hMS, SfﬂlC}WE’)) éinjl.nf)) }LL‘/I_’)/I’IES )(uw( CD"?I‘I’O‘# S/Sf(’fﬂf.
— Problems causeo{ b/ vibrahon:

o Structwes and ac hues - - wbdlance 1 +heir s/\sy‘em

can !)6 saj?jécféu[ fo V/)D/a?LuD/) a.i’l[»{ fal) b@c‘auw 0][ maf’en'aj
}‘a!‘_/ﬂ(w, (Po;cﬂt”:’j /’)arh n e@me‘) ano(/or f’(,(/ }9/}165)

© V’L/Cd/m aun Caldse  yore /df)tj wear Crﬁ fn[lC}’)/}?Q Par}j Sd()74)

Lwhhﬂs am/ gearS,cwc/ a}so creotes excessive noise,

e In mac%mes, viblahen can Joosen ]fc,zs}ene/s such as nuls,
o ”Resoﬂance” Cant occur w)':enevc—’/ 7‘%_& na}amj ][r@?u(enC/ of
Vibfaﬁa'w 0[01 mac}nne or =stuC‘}d/€ Comc‘folé‘) cdkf‘ﬁ '
freciq,tenc/ o]f 7‘}19 e‘xfernaﬂ exanaIL/Lm. Resonance can )ml/e

clevtafng effech.

ot‘fc.



- 5o, researchers  have 7'71610( to MOZ€fs+aﬁ0( "vibration | cwa/
maf}:emaﬁ'aj f%e‘one‘s have been ai@ve[opetl to o(mc/;'be "v’ib/aﬁm.

— One of the /m/)orfanf purpose o/( vibiatn eruoly i to o
vibiehion ﬂn’ozﬁ% proper a[e;//jn o]( machines and their
moun}mﬂs. In aa/a//f/mo, proper 016)5” 07(_) shuctures jb/ Vibraiow
s also W;'fe :mporéanf , Pfofw o(e>gv’) can mnmze imbalance and
control e e][]ecfs of the imbalance .

— Another important purpose o]f vibration s}uo(/ can be to ufilze
vibratiow p/cfﬁfa)g}/. Vibration can be put fo work i vi)a/afor)/
Conve/ors) )vo)opers, sieves (ompacfors, cuas)'v'ﬂﬂ machines » clac ks, ete.
Vibraton can be also ww( n s/mu/c(ﬂnﬁ ear ')Muakes anel
Conn/ucr‘mj stuciey on the sesmic Jesr/jn and Per/;rmamo assesment
of styactures.

S e
* Basic ConCe/mls 0]( Vz’[m’aﬁbﬂ

= \Z'Lfa+lbﬂ: /‘)ry MOﬁon 7‘)7[4% V@Pt’/a?g )At’//[ a][}GY an n ZLe/Vch 0)(

fime I'S (a//ec/ ”v'fb/a f;bn ! or ”osci//a})m? ”.

- E)Emeﬂ}ary )Z)CI)’?LS 0} \/)Lr’a}’of/ s/ntems are:
e H meauns -/[o/ S/’ormj pofen}m‘? ene/g)/ — Smej o)’@’mhtﬁt}/

o A means Jor s/’o//nj Kinetie enerqy —> mas or merﬁa
) A means j'@f d,‘)ﬁl)’)ﬂhﬂﬂ e}/lefg)/ —_— mPef



2
— The vibration o][ o S/S’fem nvolves - the %Yans/er 0]('}5

peo fenhal energy to kinehe enerqgy and kinetic eneiqy fo
pofeﬂhaf energy, a/fernafe}y. I f the system s o/aml;eo(,

Some enerqy is a(/'x/)oaféa[ Ve eac)y c/c/g a%) w'}pmﬁm.

Coﬂsio(er ‘/‘L)é ][o[fowmﬂ s/mP}e peno[u/am:

kinehic - 0
fositien 1:
Poféﬂﬁaﬂ: mgé(’-c‘ne)
onve I\PJ
kinetic : All o
ﬁ))l*lm‘l 2 H { ap
petential : O OM,/&]
3 {klﬂeﬁ(, : O
Fost 3
= Ftion Porlenf)‘a.o: All

It s nofea[ f)vcd' & jrao/aa/h/ dZEC/ﬂJSES due to the res)stance
(ala.m/omﬂ) o ,(ferea/ b/ the sarrc’cwc/l'ry meo[z'um (cn'r). Some

eﬂérﬁy /5 0[/35/'/307‘90( in éac}v C/C‘/e of V/'b/m[/m ano[ 7"178
Penc/u/um a/hmafe// 57‘0/35.

— /\/cun)oef 0][ c[gjr’ées Of frpeo{om: Th_e Mimum numbpf 0)( /halepenllﬂnll

Cooro/mafes /eq,w'fec{ to o/efe/mfne
Com}o)efe}/ T)n? Pou‘}fom o ]( all )DarILs
of a sysrtem at any ins ot Ofﬁ)né’.



(% or O)

/\/\,.\‘
needed to

describe the

meotiem

anﬂle—clef)fef—o j - Jr&dom
systems

—~—
Pl

LLLLLLLLLLL LS LY

I x

NS VN NN RN R NN NN NN NN

Slider-crank- Spring-mass system
spring mechanism

two —J.gﬁfef— o} - fre«lom

S)/sfems

——
-

‘I‘)}fee—c Afee—o f - )E/ee()!om

s /sf’ems

S~
e

e DISUEIL@ angl Confmuous sysfems: S/S?Le'mb m'/‘f%aflhi"e num)%f 0'}[ t)ltogff’ﬁ') 0}

Z.oo.‘ Tees 20 i .
7 i---if:i.i.‘.‘iiu, B o] JL' ee Llom f}r@ w”e[‘l dicete” or e ecl
‘\\\\ X Paramefef S/s+ems') a.nc( ﬂ;osle with an in inite
i number o f deqrees of frefc om arecalled
Conhmwf“ s;}?em (Cnpf,'lerer bl’(uﬂ) it ‘ i \J . Y L '
apprexmated s discete system Contmuous of "[:/ﬁf/loufeul 6)’5 716?”?5-

/_\/:\_//—\/



¥ C[assi)(:'caﬁm o][ V;“):)fa?L;b‘Yl
—FY€€ Vl'bfahbﬂ:l—f a s/sf'em,aﬁ(if an mi)’l'a.o OL'S*WLCUIOQ) 15 )e}f ‘ILo

\/f})fa)’e on i}s own, 7’}78 ensumﬁ V’ibfajn'(m 5 ’:ﬁwn
as “free vibation”. No external force acts on

S)’Sfem.
—):O—ffed Y/;b/‘a}/o—n: If a S/S-}em /l> Sdbjﬂ(}ell ib an QK?‘—EI’/KLQ fOYCe)
r}\e fc’SuH:rj vibration s known ay I}@;’CE(}( vibiadion".

Note: If the freqﬂency o/[ fke mfernaﬂ force coinciola
wﬁ[i onée o]( f)\é non‘arafz ]rrequenciés 0{”78

5/5*6»7) A Coﬂo[/'hon Pnowﬂ @ '7e>0nance"

occurs, cu?c/ fAé’ S/)}’em u.no(efjo&b a[a)jjefou>})/
lajﬂe oscillatens.

— Unalam/zeol/DamPec[ Vibraion: I][ no enerqy s lost or ol/ss/})afea[ n
fr:cf/m or of%er /c’sl's?Lance o&xnn ox;'//aﬁ'oﬂ,

the vibradan 15 known as 'Zu?c[ampeél vibtafion"

IJC any energy 15 Jost in his way, ))oweyer,

it 55 c’a//eo( gam/Jw( V/‘A/af/bn'f

_Lmear/ cn}mea/ W‘)g/af:&n: Ifa// fhe basic Com/)oneml) o]f a v/}wa/b

system — he SPI; the 1mass, and 1o ¢Jm,}/)r.
be}rayé //hpczxf/) the resu)f/fj V/erifn‘i&n s known
as lineay vi)gmﬁm’lf If) meeye,) any of fJ7€
basic (_‘omloonenﬁ ée)rare n@r)/)hearj)/, f},g

Vibsadim 5 ca //eo[ “ronlneqy v/'kfaﬁbw'i



_De}e(mm»‘sht/l?ano[om Vibration: IJC the value of mCﬁnhlucle 0-;( f)ve

Force

Time

A deterministic (periodic) excitation

Force

Time

A random excitation

/_q\

excitation (fou‘e of mm%an) ac?tn’{g of

a v’ibmf'or)/ S'/sfem )5 )ﬁnown af any
qiven fime , the excitodion 15 calledl
"defermnishic . The "fW}f"nj vibiation 1
known as “determmishe vibration”,

In some coses, Hue excitation i nonalei’ermimsf}c
or r‘a_m[orﬂ f the value offjve excitation
at a given hme can not be Py’eJ/'cfeol.
I}[ the excitation s yandom, the /PSulbbﬁ
vibiahon is ca”ed) ”/’Zlﬂclpm Vilofa}m'n”.
TIn his case, 7‘)7@ v}bmﬁ\y’y fesponsfi o](
the s /sfem is also fano(om. &/aum‘[ mohien

olwm ear | x)<e> Iy an exam )€ o
9 P

fcmo[om exci Ilaltum‘

% Vibration Anaiys-}s Pocedure

I.“maf)aema})'w.@ Moc[e }//:rj” to fepfeseyzfa” f’Eﬂ 1mPof’ia.n+ ‘[E’Llhl!@) Of ﬂ;e Sys)LC)’Y)

for the purpose of c{emmﬁ f)ze ma J)W emaﬂtaﬂ
egwahm?v ﬂove/n:ﬁﬁ f& ss/sfeml behavioy:

2. Dc’f wva }’laﬂ () ]’ GoVe/n//ﬁ Eoru(lhumﬂ: Fr’ét‘—)poo{)/ cé/aﬂfams o)( a)l masses aye

o(mu//l > aml f)1€ € (d;m> are o(eﬁVc?o(
(,(Slnﬂ Pr’//?CIP/E‘S o CI/‘/)am,‘CS b Nt”wfbn;

second Law o} mofion, D Rlembert3 mea/)}e,w’lc(
Pn‘na'plf o f consel vohon © f ener g‘/.
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3. “Selufion o)(ﬂve GoVe/mrlc} Ec]utcd;'aﬂs” to j’mo[ the /esf)onse o](ﬂrf’
vilofaﬁrg 5/>+em. Depenalmg

on the natwe of fJ?E Ffo)oiem)
s?%wc[ar‘cl meﬂiods /fo)’ Sq/VMﬁ
c»(l}fé@ﬂhia egwf)m; Z_aP[ace
Trans fo/m me/‘)LOO[) , matrix me”»oc[s ,
and numencal methods can be
use&/ to /mc[ f‘kﬂ So/u})a)/l.

q’I"’Le’P’d‘ULIU" O/[ the Results”: The solution o]( 3ove/m'rﬁ €f~}i/ﬁ7907?>
qives the alls)bla(e‘menfs, Vé)oc/zl)és) ano(

ac(e/eraﬁcﬂs o ]( 7‘)1(: vayiow> masses Of

L e
§2¥ 'H?C) S)/Sfem. /)7056’ '@)u}fs mus]l' Ae
AN inter P/e?L ea/ pro Fer ))/
-(%9)
‘40\ Fo@mg x e
\,{’ Hammer | 1
(j = <— Frame
Sk |
%0 .
Anvil
%ﬂ == | Elastic pad
;0\\\’ :.f. A > .)5: Foundation block
§\Q\" Soil 3—— Tup
\Q’ J
h i
Elemmfav’)/ amil | —
Mathe mati . ]
i ST SN
) amping of elastic pad —ﬂ_l_‘ Stiffness of elastic pad
u
Anvil and = Foundation block ﬁ

foundation block ‘ Y
2
X
Soil damping ——!J_: i-— Soil stiffness Damping of soil gq;l—-! §<—~ Stiffness of soil

N\
/\//\—/—\—/‘



* Spffrg Elements

— Linear 5}3@3: A spring 1s saicl to be linear I-/[ the @)mﬂaﬁ}m
oy /(fuézc/’/m n /enng "‘)L” 1S fe)afeo[ to fLe
ap,oheo[ force F as

F= ko
W}Yfff ”k” 15 QA& CcnsILaﬂIL, know/z 23] ‘Hte‘ ';Pnnﬂ Ccm)Lamw
or ”"P'""’fﬁ sh#ﬂfs}" or s pring yote”
Th_e u;of)( 0[01’!6 in c[e}ofmmc a 5Pnr5 IS s}ofee[ AaS
stioun or Pofeﬂﬁad energy in S)Dfmﬂ)ancl b given by:

_ kol
U"Z

— Non hnear Splings: Sprngs wil. nonlnear force—c eﬂecﬁm elation.
For e Xcun}))e) Ca’ﬂsio[er
Fecot + boC

where o= Consfant associa)’eul with lnear Pl;“t (a>0>

anol b = constant associafecl wi}‘k non):'neafﬁ'/.

Force (F)

Linear spring (b = 0)

/ Soft spring (b < 0)

0 Deflection (x)

/i
7 ’\— — Hard spring (b > 0)




_ Systems u;}?[i two or more Vineay spfmﬂs may exhibit

'non)inear' j‘orce - d;sf)acem@nf /é’)aﬁc*ﬂsL)fP.

F Weightless
rigid bar Spring force (F)
[
! \
F=kx A F= kix+ kyx— c)
|
|
N I
I
|
I
I
- x
o I__c __‘ Displacement
x= () corresponds to position of Sorce

of the bar with no force

— Linearization of a Nonlnear Spfinﬁ:

SP""’HS act )méar)‘/ (F: kx) u,: fo a cer taun ','mpf.Once Hwe
stress exceecls 7"/76 )//t//c[ pomf o]( f}w /??afel’/dfz, Fhe J[b/Cé’—

le’}ofmaﬁan ft?/a 12)71 }Dc’c'omes non/inéaf.

X X
Stress Force (F) r - | .

4 : : :

’ 7 b= 3 o
: ’ X=X X
i Yield o
! point, A
e
Strain Deformation (x)

Nonlinearity beyond proportionality limit.

In pﬁzci‘ice,we assume T}naf‘ a(eﬂécﬁcm) are smal| ano( make we
Of the linear relation Feko. Even,i f the )(ofcc’~c4e]()ec'ﬁ077
reladiom i nonknear, we approgimate it ay @ linear one )0'/



. . N . .
ULSEﬂﬂ " ”L,neaf,w+,oﬂ' )9)’0(6’55. Ccmuc[ef)

Force (F)
] F= F(%)

/
’
F+ AF= Fx* + Ax) L———-——— 4

F= F(x") f—-—-—-—-

Deformation (x)

Linearization process.

asume F causey o, I}t AF i added to F, then Ax will be acueo(

*

to %« 4 LE. F+ AF= F(‘X*-f-AV()-m"’; we can 6)(’))‘@55 +J1€ s‘(')f/nﬂ }ofuo

F+AF using Wy}of; seres Px}:»ansia'ﬂ.

e

If: A= 0 and we neglect the hijheﬁ-omler olesivative ferms, Hhen

/s
| d*F

2
An) £ ...
ol Whot)

FrAF= F(a Mo = F(od*) + »

Fe AF< F(a™) +‘1_{'f' (A%)
C

A o *

Since F=F(’X*) cnd AF=kA«, the )m(»arizmj spr’iﬂﬂ Constant
K of o js given by:

% s given by P

| k=dF |

N\




— Combination of Springs

SFn'an

i ky ky
Ruallel
If we have n 5 piings ,_,;,'H‘ IJC we have n s prings w}‘Hw
sprng constants kK, oo k. spring Comstants Ky, Ky, wos Ky

in Pafa Uel’ ,7‘)‘16’/) Hve et}u’i)’a,enf in sen'es) ﬁ)en I’)qp equjm)enf Cl
sfn'r!j Consfzwf ke‘f can IOEOHZ{WJ: stl'r}ﬁ Conb)"aﬁf keq, can be oblained s

0 \’*T\’Tw
e coc 4 1
ke =k‘+k2+°°'+kn> - kt’l )

IS TSN
- Exampje: A mac)ﬁn@,weighing 1000 b, 1s suppoffeol on a rubber

mount. The foras~c/e ﬁecﬁcm fe)afumskf/l 0 /( the rubber
mount s 51'»'9/7 b)/

F=2000% + 200>

where qu J[o/ce IFl(ch f%e Jéf/PULIM ")(/ are mm)ufeal n
poun:[> ool inches P /esped/vej/. Determine ﬂv() eqﬂh/a’ﬁnf
bhea/i'zea/ sPn'/zﬁ amstant OJ[ the riubber mount at its
state ez,‘cu)//%f}um pwif/}m.
Solution: At the static e?u}//'bﬁ'um /305/7'7;?" (%*), we have

xS 04354
1000 = 20009%*4 900 Y j

f=[200 0 2000 -1000]
r=roots(f)

X ~0.2442 4+ 3.1904 ;
X< 0.2442 - 31904 ;




So, a*- 0.4884 s Co—ﬂsulerc’cL

dr
Aot

i, 2
Keg.= = 1000+ 600(0.4354) = 2143.1207 b/in

Note that .’(Loq‘ P/eaL‘aLs the stabic clef)ec on Qs :

F—.-){e A —> A= _F._ - 1000 — : . Compare
G ey 283 0z = 04666 in L 04884 in

e - S
-EXamP)e: Find Hn’" ef/.uis/a)e’n)' sprng constant Ofa unifofm foo[ o)C

Leﬂgﬁ? f} cross->€6fm7ta./2 area /A,)and /bumg)s moclu/us ,Ei
subje(fec{ to an a;(io,a fensile force =

f B SO)!IHO’Y?'& 8:: §.—-e = EQ:ZQ:E_Q
i ool Py
/ }*" Noi—é’ E-—-%) O‘IEE, U:E
. go)k=£=_’:_=§ﬂ
- = S F ¢
, A =

- Exm/o/e: Find the a}mm/en?’ s pring comstant o f a canfilever beam

su)oj'e‘('feo( to a Ccmemzyafz?ol Load F ot ik end.
1 | Solution: (Je know;gak‘/_ej

% 5,,4,[ z‘ . 3EL
—— F=W k=3EL .
- l Se k=%‘/-— SET

Cantilever with end force Equivalent spring




- EXamP)e ;

7
Determne the f’ofsfmaﬁ sPrfnﬁ Cons tant o][ the sfee[

Prope ller s h GH

4
1 [ .
é‘“’ragt‘“x"- : ]
.3 m P SRR e
—lér— ]—— —02m 1 1025ma, & ~ 1 |
/"—-ﬂl- _________ r‘ ———————————
! |
/ 2 2m . Im—f

So/u.h(m: 77;? spflﬂf) c’onsﬁwﬂ 0][ H!e 7Lwc’ Sefjme.nﬁ aye.:

Gy _ (Foxic) (m(0.3% 0.9 /32

t;;z: éI“Z 2 >=25.5255X106
N=”‘/mc1
3 a2~ 1ty oo
ks, - Gz _ (xou())(w(o.z;s—o.w W38 _g a0 vidt
23 N»m/'facl

The springs are in series, 50

6 6

NEEN v (52550075, 901xi0)
k, Kk k. teg” | Z

25.5255x10% 8.9012.x |0 ¢

kto, = 6.5997410° N.mrad




-— EXMP) H }’unjccl r’glcl lodf Of }engfiﬁ Q )S Cormecfea( }Jy '}wo
springs o][ ffnfsm K, and }‘2 and s subjec 7L€<1 to a
}(OYCE F as slvow/l Asswmnj Alaf‘ T)'IE anJujaf cLsP aceman"'
Of the bar (6) i sma” fma( Hhe equa)enf' 5})“/’)5 Constant

of the S/sfem that relates the app];eol
/e;u’hnj olnsplacemenf %

C x
F ——— @) —

)Co”f Fto the

Nete: mt}'zoa 11
5}3’"}5 s aré Fa( llel,
buf kg(r— |+|<2
does net work,
since LLLP)aa'men)'s
O} s/armgs e

nO etruuﬂ'

SO}uhM: '-X,-;e‘ sinezgie Reac*nc‘rz) o} SP/"“:P:
E?MJ’ILI’(‘M MCH)CJ 59(-12 stinek 029 k,"?('
x=0CsnB~ 00 kpﬁ(z
ZmO =0 — kI‘:)'“l(0|>"‘ kl‘xz(€2_> - FQ
U JOI’j Fwas : F= k‘ E'_ﬁ)-f— kl(%}eﬁz—\) = ke(f%
aP,wlae P ‘\ 1 ’ |
ke %= k 0g-e é Qﬂ ) k‘a‘f 0¢

? oint D,
(> S&e’n we woul(l \ T {7
have : 9. ‘ k ( >+ kz(%>

keg=H( 9.)+k1(_

|12
L ‘ka"““z

T,\ kea}, Qﬁ)@}h—k )+-—k2

(Jerk c10ne b)' the  Sthran energy s}o!&!
Energy Metho } aPPl}’,(:(L ferce F = in springs k, and kg
ke e ﬂ

-

kxl

WN



¥ Mass or Inertia E le ments

— Mass of Inerha e}emen)L is assumeo( to be a riaicl ]oocl)/,

— Itcan 3am or lose kinetic enerdy when ve)oal'/ c %w\go.

-
) — -
— Flom Newtons second. Law 0)( motion: F= r/nO\R
j%vgc n'?u” oece )e m’rim
app)u’ok
te the
mass

- (,Jork clone on A mass }5 Sfo/@! n ﬂm )(O/m 0)( H\é mas s )(mé }/C

c’ﬂé"lﬂ)’.

_ Combination o} Masses

| e ) Jd by a
o Mases Thal ase replace y

in C‘ombll’la'hOVl con b

i ] /
’smjle ec}.w»/alequ ma «

o Mases can be 'Wam'aﬁcmaﬂ and for volahiona

-ﬁw)mhmi masies Conneéc h’al B/ a /ifj{o{ baf:

X o) 3 Keq= ¥

1 4 1 4

Pivot point m m s Pivot point /",
(./ C/

2
L] 1 O(« —%
d
~ 1

(0]

o |e)
0

h
I
2

J
‘3

In orJe.f ta fmtl f‘l‘zé er.]uan/a,eﬂf mas) ol[f"\é S/Sfem) we
Can write

o ) ° 2 e e . L _ .
%2=-L-K——x, and A== o, —> Qswne: %e(r_‘x, —

/ I



, L ] R |

1 =] TP
g 2
m€ =m'+(e—)2—- m.L+(Q_—3—>m3
4 2, ¢,

o Transledional ard e fdional mases coup g z‘i:ge ther s

Pinion, mass moment of inertia J;

Rack, mass m

D In orcler o ](incl 7}19 qufdm}énf fmns)aﬁma mass o f 7}»€
S/SILem, we can wrife

q
kinetic energy T= J_ mar ’—9'0

et/wm}enf kmehc eﬂefj)/ et 2 e‘f,)(uf
7
I]( xecf_x and O= /R — T-_’;L}, gives —» Meg™ n’l-i-—R-{

@ In omler to fino( the eq\m\/a}enf fofaf:omag MASs 03( 7‘})9

sysfem, we can write
. . . . R «
Gog =6 and x=RE —>-.'2—J-,9 =:L[ (R9)+';: H6 —

Jup= 5+ R’




—Examp’e" Finol f')ze @quum,efl)t mas) of Hre sySfem Sj'iou)n bc’ow
where The njm( Link 1 s affached to 7"}18 pu”e/ P
rotates w;f)') it

Q—‘ x(1)
Pulley, mass moment of = N
inertia J &
ld 5 T\ &

Tp kl

//// IIIIIIIA

Rigid link 1 (mass m,), :
rotates with pulley

about O ey IJ‘ I

Cylinder, mass m,

\t\Rigid link 2 (mass m,)
7/

12 ']

Z
1\

Solution: Notel | m — translahiom

puley = rc fackiom

Unk 1— r’ofaHfm

Lnk 2 = translation

c)«}mc[efa rotation ancl ﬁans,od'icm

/—)sswn)s fion: small CLSP’aceménfs

(When 'm’ moves "o’ — ,:ru“ey and fj}cl Link 1 rotate
9P = X/fP — fjl(i Z,m)< 2 CLSP’CK(’) ')(2 € GP—-%Q /r

L —> C'/,molef rotates 6.= /i = Xé;/rp ¢
\W’\’W’/

kinehic g

ener —,—__:_71ij+ JP9P+ 3'9 28 ml S+ = z CO - meh
=~ k2 Cylnder

S)’b}em m Fu”é’/ bnki Lin 4

I«mehc
e

ef)&fﬂ)' T=‘zlmeor9‘—

e,;'wvcjenf

Gysl‘em



Note that J}:mcfcz/z ard <7,=rn,9,2/3
So, T:'Te-? results in

I £ 9 2% 1 fmer &% w.L
Lmide L3 () 4 (2 (L) L m[ )

'Z e i ./ i i
(N £l - g —
Z 2 fP{c Z ¢ f‘P 2 flf%

2. '\2 2! 2
MNeg=M + qﬁ. +.'_. M,l‘:, mitl | mcé, e_,_
T A S S

A Dampfnj Elements

e Dampmﬂz /ﬂeckanism ‘9/ w")ic% 1‘)"9 Vil)fahcma,a energ)/ 15
3raJuaH)/ Converf’eo( into heat or sound..
— Reduction m cnergy can esult m decrease in 5/>+@m response,
88 (J[{)P}ace ment.
— Consideralion 0/12 a[am,omé I im/:orfanf )(or accurate Pfecljcf/zm

o} system  fesporaL.

- A dam,oer i$ assumed to have neither masy nor e}a>+;'c‘if/) and
o[amlo;‘nﬂ fo/ce exists onl/ Ff there is relative veloaf/ between
the two ends 012 the o/cmw/Jer. ( .——~Er——°)

- DMPl'nj 5 moc[e)eJ as oné ol more OJ: "416 fo"owihj }7’965:

o Viscows Damping
o Coulomb or Dr/- Friction Daumﬂ
o Material or Solid or H/sfe/t’h'c Dam Pinj
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— Viscous Damping:

e m0)f Commonly u)é’J |

o sesistance offeed by fluid e.g. ai, 9@, water, ail, ete.,
{-O a MDVlflfj bOCl}’

oc[a,ml)mﬂ jofce F/of)o/hnaﬁ to Ve,ocﬁ’/ of w'b/aﬁrﬂ boo(/

OC'xamP}esz }lui(l fj)m between s)icL}\fj swfaced
f‘u,iclf’ow armmal A Pis+on in a cy){n.'jer
]['uiA ﬂow Hvroual\ an on'](ice
}lui(l film around ajcwnu,ﬂ n a Beﬁlfifﬂ

-—Cou)ormL of Df/— Fﬁcﬁcm Dam’omﬁz

o Comstant olamPl'r}) J(orce but in oPPosﬁe directin 1o the

motion cliection
° (;cu.lsr.’cl B}/ Jn‘cjr)cn between fukb;nﬁ sarfac& that are o(r y

or not havinﬂ enou(zj% lubricotion

— Moteidl or salid or Hysteretic Dampirgs
.caweo( )9/ the }‘rlcjn'an between the mh?fnaﬂ p)anes,whacL

shp or s)iie when a bocl/ 15 oleJormecl
o when a booly > vibrated,

r)\e stress— straun ol/‘af ram

j i ) Loading
i . steresis
shows a hysteresis [ooP noip\ % )
! nloading
/ Strain

ONOL'P ‘Hwt LOOP aréa denofe> . / (displacement)
the enel’ﬁy lost per wnit

Volume of the locc[/ per C/cle
due to amping

Stress (force)




— Linearizahon of a Nonlnear Damper
I} the force (F)-velocdy (v) relationship of a clamper’ is
nonlineay [F: F(v)], a linearization process can be ased
about the oPefahnﬁ ve’oc,'}/ (v*), as in the case Oﬁ -

SP”@ . —n;; ,IﬂC’af/Z(NL}Oﬂ Proce» ﬁi.Vei 7‘4|€ equti/a[enf
clampmj Constant as

=c£f!

v [ *

v

- Com)nmahon 0)( Dampe/s

Para”e, Dampefs s Ceor’-' C,+C2+"“* Ch

SQ“E> Dlln? ers s — e e e 0@
P Coq &7 G B
N\,\\

—Exa.m/:)e: Consider two parallel P)a}'e_s sepafaf’eal by a distance K,
with o f/uja[ o)[' viscosity ‘YW between the Plaﬁ’). Derive
on exPre»}a—n for the a[am/amﬁ Constant when one P,afe
moves with o velocity v’ relative to the other as shown.

Surface area of plate = A

l s
! Y5

Viscuusl =¥y <——F (damping force)
y fluid—> | “Th ‘ =
| |

WWWW

)|




lu= ] I

Soiwﬁoﬂn: Cons}oler H’u’ th’OCl"IL)/ P'/O)(/JE/v'aIla{’l'o—n. Hccofo(h‘\j to

- EXamP)e

Newion?s Law of Vis Cou J[‘)Otw‘)ﬁvé shear s?t/éss (Z)
clE\/e’loPeal n H’ze ﬂuJol [a/ef ai‘ a OIIS{ZU?CE }/’ )(fom
the )(;xeo( P/dfe is gwen b)/:
7o u

M 0[)/ )

b v ;

if Ve‘oa’w‘/ _3fﬂ0{/¢”f _o_lq)-/ il i C=/“‘¥h‘ ‘
“The fe>:‘s7lahj fofce (F) (jeve’o;)ecl af 7‘4)9 }ao#om
gwface Of f)’le moying P)mLe 15

F-7A = u Av.  hee A= swface area oJ moving P)a}e
7 h
We can also wiite: F=cv

So, ¢ = 2

C=_—

3 H bearinj w)ﬂch can }oe appfommafecf as i’wo ][)a"'
P/afe) Se,)afaf’eal )3)/ a thn

film o][ lubricant, is }'ounet < s
to o;’;fer a resptance o f I

HOO N when SAE 30 oil e

Is usec[ as the lubricant and _’f'_

the weladve velo cif/ between
f)ve P/cxﬁ» is 10 m/s. I][ rJ?e area O'f er p)af@ (ﬁ) is 0.l mZ,
determne the clearance between the PIa?LPS. (Assume M =0.3445 Rs)



Se,uﬁbﬂ: Re&:éf’mﬂ 5ofce can bc (zx}:fesseol as F=cv —

_F 400 _ -
C—V- _'6_40 N-s/m

if the beanng is modlejeo( as a )(/af-}sjafp_fype

dam)oa,ﬁven c=/f_‘ﬂ_, h=/“ﬁ=0-3’495x0.l_>
h c 40

h=0.561125 mm

‘Example: A precision millinﬁ mac hine s sup})offeol on -J[‘ocu” shock
mounts , as shown. The e}ant:a‘})/ CMJ O/ampmj O){ éacl’)

shock mow’lf can be moole)ea( as a spffnﬁ anc( a
Viscous O(amﬁé’f , A skown. Fmol 7‘)7& ecfuimle’fr spfmj

anLan)‘; ke(}) ano[ T)»e ecf.wm/enf dumpmﬂ Cﬁm%aﬂﬁce,,r,
o]( the machne tool S“PPO"[ in Tefms 0)(74’& spAng

Constants U‘z) - dam/s/hj Consfants (Cz') of the mounts.

Solution: Figures are shown on ﬁm next P“ﬁe
ALl springs are sabj'ecfea[ to the same absls)a(-emenf(x),
All o&rmpers are Subjec*é’fi to H:e same felahve Ve,oa'f/ (7'()
Note: %ano( X We the a[i))))acemenf and veloeit y OJC
the center o/I mas resPc’CILi\/e )7,
The forces acffnj on the spffngs can be exP/e»eJa)
E=ka 1=12,34
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Spindle

/
NA A
/N
,ig_—;;/ " Shock mounts
Base — T (at all four corners)

Modeling © :
jf’*’“ﬁg{r‘f
e

S).sfem w?f))
3’3)@ s pring
olam))ef

The fone) ac%@ on the o[o.mpefs Can be expre»e(i as
F=c;x  1=1,2,3,4

The total ,form amLmj on all s prings and. all o[a.m,oc/s are
F=F+Eu+k3+ Gy and FRl=Fl+ Rl + Fl3+ Fly

We can wite B+ =W whee W is the tofall verhical J:o)’(ﬁ
ao‘mj on e m}lh'nj machine.



F$= ke‘f%

;i So

we, also, know that {

RC’L}—'—‘ k|+k1+k3+,(q =1'”( MJ Ce?=CI+C2+C3+Cq=LIC

/\‘_//—\/‘//\_/
¥ Harmonic Motiom

— Rriodic Motion: This is @ motien that is repeafecl a fi?r ecrmﬁ
infe/\/a)5 ofhme.m S)m,b)€>7l f/})e 05: Pc’r:'oc[l\(; mo7lnm

i “harmonic mofien. (See be)ow)

& m‘

. sinu soir}a.a curve of motion

(7 (2= Asnwt)

A._.
m
a "'L ;
- ,’ : /\ /\
A
(@]
\/217 317\/ 0= ar

o A crank of facl{us ’ﬂ, rolates aboaf

Slotted rod /‘) POIh" lola‘{'a_n aﬂg(llaf V?'O(Jf/ Iw/
l —J ° Psl:’ales in a Slofre(,j rod

IJ
LL’,’/ —/@——r Voih®
’/ 0 - 0:‘.‘(0( x= A[sinwl ® //nl;lSS. m "5 6{513’6(66(1 b)’ Qnamowtf—
\ ﬁ /F % in time ‘t’
\\ ’/'

e SOy

|
=

=
ANNNNANY
ANNNNANNY

('I

Displacement: a= Asin@ = Asinut — Velocity: d; =Awdont
; £ 5
> Aaeletaton; 43 = - Auinat = -




I3

— Harmenic motion can be rePresc*nféc‘. by means of a vector
OPof mgn;‘mle A yolating af o comstent angular velecity ‘o
In the fiquie belows, the projection of the fip o | the vector
oP on the vertical axis is gven by
y=A sinwt
and its projection on the horizontal axis by

A= H Com)t.

Vec i’or/'a,Q A
Represen tation B
E 0} Harmenic

g/— v /-\f\/\’\

One
cycle
of motion

Angular
displacement
_——_———

0= wt




— Complex Number Represen tation of Harmonic Motion

Any vector X in A=Y Planc can be rePfe>enfec( as a
Com/)’ex number

— a= eu.a art 2
X=a+ib 'Jvcre{ recp and i=_]|

b= imaginary Part

v (Imaginary)

f

,’F= a+ ib= Ae"
bp===m—====—=

>
Sf————-—

x (Real)

—>

Yc,a,n }J? a'So fef)lé"senf(’c{ Qs X Hw)9+2n>m9

with ﬁ-\!a +b* and B=tan —2—.

'l
e know f)mf z-—l ‘l =l —
CosE = |__6__1+9_L1__M' ‘Le) 10) .
2l 4l 20 m

Tt g5
isinQ:l[ 2N . ] 50, (2 j 16)
3! 5l 5‘

¢ : ] 20
As a result (Co>9+‘l‘)ln9)=l+'29+(}€2. (16.) M=e’l

21 3!
(co©- 25'”9)-’-L6+ (20) ‘29) - e_.w
a2l 31

=3
So, X can be ex})re»ec% as

=A (Co>9+ ésiné) _ Hﬁi@
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since 0=l — 7=f\ewt where w= cireular ffe‘}“m(;/

of fc)fah‘oﬂ of —X>
(md/sec)
%& - iﬂwewt= sz
.(!d_‘z_i;: — ZH eiu-'i —UJZ—X’
t

50) Hw drSPIaCement ve/odf )2 anc[ a((e‘}cr’aﬁow can }ae expfe»eclas

a[isplacemenf= Re[/] eéwt]= Acoswt
Vejocif/z Re[inweéwt] = - Aw sinwt = Aw CO)(w C+ 500)

_ 9wt <
acceleration = F\)e[- wAhe J-.-. = ﬁa.'%:mwt = Aw’eos (wt+ IYOO)
e A e

It is seen f}la}’ the aav)e@f;m vector (Eac[> ﬂ;e 10/
v

7‘ r OC:})/ |
Vecior E/ 90, and #16 /aﬁ'er /eaJs f)ne 0(/5
vector ), y 90" P

}acemenf

- e e \_»-’\"/

Note that if the harmonc diplaement is ongmally guen
as %(t)= A sinwt, then we have

lisplacement = Tm [A eé“"tj - ) sk

velocity =T [iAue™ < Aw sinfwt + 967

oxcceleradion = Im[;wz/:)ei‘“t} Au’sin (wt + 50)

See the fiﬁwe on 1}16 next page —



L, @ 2 = = = - - x(r)
X = iwX S P

n \ s
.4 \i) V4 X

w2 \ 4 / .\I

Sl
)

wl

e \ L
AA /!  2af*
. NO NN/
X=-w’X m— - - ==\
N

Displacement, velocity, and accelerations as rotating vectors.

wl

i Vo e S

-Deﬁmhm:
e Cydle : The movement of a vibraling body Jrom its
undisfurbed or ec}w'librium position to ifs extreme
POM‘H(M in one direction ) hen to The eq»(”fb/fum
positen,, then o i extreme position in the other
direction ,and backto @tfwl}lofiwn PO)/'?L:im is calledl
a ’c)/c)e' of vibaedion.
oﬁmp,ih(clef The maximum ol/SP)acemenlLo-}:cl vib/a},nj lgocl/y
f/om ik eyw'/,’b/fwn /DO)iIL:bﬂ Is Ca”e()( 7"116
/M/D})}‘uolsl o} vibrdion.
o Priad of Oscillat s The time faken to Com]o}efe one C)"C}(i
of motion is known as the 'Periaa[ o%

[} . I
Osal/aﬁon or /f/me pen‘oo(,.

»_ imr
W arcu}ar J( /€cfru€nC)/
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o Frequency of Oxillation: The number of cydles per unit time
\ o 7
 an i Al e Is Ca”e@( f}ye /f/acruency o} O I)aﬁo—n
- (¢ ) 1é - )
i hn{eira}rw or S/mf)’/ 7‘)16: ffé’lfu&")(/.

fogm it Lok

o Phase Hng)e: Consider two \/}E/cULor/ motions

%= A sinwt

A= Ay sin(wt +@

with the same fﬂ’?wncy or angu]ar V")OCH}’
The second motiom, %, , Jecch Hhe )(tfsf' one, «,,
by an cmg)€¢ known as 1)e P}meanj)

This means that the Maximum o)( he second

@oﬁ'm,%z, would omzr/gﬁ" radians earlier
than that o;fv%e Jirst motion .
o Natura Frequency: If a system, after an infil o/.;%wbm,
}e}'f fo vibiate on ik own, the
fr@cfaen()/ with which it oscillates withodt
externad fo,fc@ s known as its '/)afumj
frequency’

P e o



—-Exam/),e: Fmo( ﬂne sum O} Hze ‘}’cuo }la/monic mcﬂl/'o“m
%(t) = 10 coswt and ‘)(z(t>=l560)(wt+2>.

Selution: @

tve know that «()= Aoy (wt+ o() =2, +2,(t)
LE/APMCI

A Cw(wt-{-d) = A (CO)UJt CosKk = S;ﬂ(,l.‘t 5 IﬂO() —

10 co>wt + 15 co)(wt+2) =

‘ i

10co>wl + )S(met coy 2 - Sinwt sin ?)
v

coset (H Cow()- sinwt (A sga() -

met(lo +15 CI‘)Z> -snw (15 sin 2)

So, Aeord= 10+15cor L —
Asind=15 sin 2 - A= (IO+15L’0>2)+ (15 Sm‘l)

—~ A=14.14977

Also, a=tai (B3 5 0=74.5363
’ 10+ 15 cosL

Cbnsequwﬂ/: a(t)= 14. 1477 coy (w‘t+74.5963°)

Method £} For an arbitrary value ap wt, the

heumonic. mofigns %, (t) and ‘Xz(t)Can
be denotecd grap}n'ca“/ as shown.
B, cuu,nj them vc?ch:fld“)/, f);e
roultent vector x(t) can be found.




16

2 1 o
Im 0 Az-_- 10 +15 =X 10 xI5 x oy 65.408
) ’631:—:;:/ P A=14.)477
' IA\\|5 _@_ - H.l‘l?? = :
5 141477 N sin Sin65.408° = o= e
l‘ \\
74.6”:0(\\\ 60, x(t)=14. : ;
o + 114.6° wllo x(1) R ) lq?ywiwt-*?q.ESéS)
b (4

Addition of harmonic motions.

% Harmonic Ana J)/575

In many cascs, the vibrations o )[ sysjfems are pen'oolfc, Any
Pen’oc[fc Junci‘,cm of time can be rep/e;enfecl b/ Fourier series as an
in,(fnife Sum o)[ sine cadl cosine tefims.

I){ w(t) 1 a Pen‘cocl[c JMcﬁ&n with PG”fOJ'Z') its Fourier

SEries /e/Dfesc’nfaﬁan (s 51./@:1 b/

e e e e N e e s, — i

| ao s
X = —_— ' [ /
(t) 7 + Cl, Co)th + az Co) Zwt + vo0 4 blﬁ'mwt+bz smiwt + .,'/\

2

=3+ 2 (@ ot + b, sin nwt)

290 }unclwnenfaf

thllez W= T -> .frequﬁncf 9 Aoy, bl’bz"" > (L”;woen_;ﬁ;::nﬁ
w J»?."K‘/w 2 r & _
Qo= 2 | utdt= -rfloach)c"lf
iv/w T .
Qn= _:# So ;((t) oS nwtcit = %3 L)(U:) Co) nwt 0“5
o
27 Ju (4
bn": % S %[} sin nwtOl- = %j «(t) sin natolt
(o) (o)



One-term approximation

Two-term approximation
Three-term approximation
Actual function

f’eficrl:c Funcl?'crn Represenfaﬁcm Usinﬁ

Hafmonic Funcﬁc*ns
Founer series Can a};g Be repfésffﬂf&[ b)« 7'176’ sum o)( sSin€

term s onl)/ or cosine Terms onl)/. For emmp)e, the serjes using Cosine

terms onl/ can be expressed as

(1O-dyrdolot-g) s g het-py) oo |

N _Qa, |, _ : : -
where: flo-‘f > dn—\/ anL_'_an 3 Ql%:tan (%ﬂ)
n

.’\\\

G:mp)t’)( Ft_Dulft‘:f Seflesz ‘The Fourier series aan A lso be

re/)/wenf@(,{ in terms O]( ComP)e)( num bers,

x(t) can be ex}a{essed 45

where - (;nzan';bn _'Exut)[a,mo,t 5iN nuf]alf

nwt
Nofe Pememe’ (— ..Co>nwt+26m Nwt

-'chu t

D] =
— Euler's Formula ‘
e 2 asnwt-isinnut
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Frequen C/ Spc’c {'fum: Cons.'cler

‘Xa’)-‘- a?f‘ & Z (an conwt -JJD SN N t)

n= S/)

Ll e of sl f

w2w3w4w§w6w7w8w9wFrequency(nw) w‘H,‘ PenoJ t
n Ian Comwi', ano( ’bn sin nwt’ can be P’OITeat
’ I | |, as ver hca.o /"nes on a c@:c‘mj fam Of amPIl'dele

0 T
I w 2'@3«» 4o 5Im6w Tw 8@ 9w Frequency (nw)

(@, and b, or d,, and (}’n) versus fre(fueRC/(nw).)

Fr specti a typical i A : 4 ‘ ‘ g
e‘f"‘""}' pee ‘“’“’f ) ¥ o{ 7418 ‘/c’Wc specti Y S ecf)’a.‘Zoé fam.
Pem'c i }thom Df Hme (.a“é‘ ]( )/ ) wh @ P i(j "

- e e S

Time~ and Frpquen cy~ Doman Re presefl fations

Fourier series exPansmn Pe{m}h the o‘esc_n'lsh'on oy( an y perioobc

funchb'n usmg e:f)]&fa hmE—a{omwn Ofaﬁ'f"}“”'(/—olomwn fepfé’sénfahaw.

x(1) Mw)
Asin(+dy) == 0 INessssssesssases |

o

0

/NN
_,,‘, W W N N\
(t) in time demain ,QME x(b) in fl’ecruenc]' clomwh

‘x(t) in h.mP Joma‘n ’ o =0 0= 2ow;= 3w o= o

(b in frelfuency cdlomain




Even and Odd Funchions

An e_ve_,rlﬂncﬂom saﬁsfin the velation 9C(—£‘)=~7((t). Tn this

case, 74!6 Fomgr Series exP ans)oen o][ %(f) Ccnf'ams onl/ cosine fe/‘ms

{:‘&): % _,_Z-an CO)I')\LQ
n=|

.

where a, andl Q, were Prevmwl/ :n}rooluasci.

An odd quﬂcfiom saﬁsfies the relation W(-t)=-x(t). In this

Case, the Fourier series &XPCU"SI'O‘IT o)[ w(t) contains only sine ferms

w)'nefe bn was Prew‘ou)'/ /nfforjaceu[.

/\—\\—\

Ha lf_ Pomﬂe Expansicns

|/\ Somehmes x(t) 15 olgfinea‘ in the
r —-» mfeﬁ/a.‘ 0 to Z w )H. no Perioclici{‘/.

LJe‘mn extend the Jurction arbirari ’)«
Original function tO lﬂC}U(’(E T)lt’ in h’f‘/a‘o "'2- to O.

xi(7) ?’
Note: Founer sefies '/\ result: an OOM fu.nc‘ktm
\40 T

0 T

ex))ansim o} T ' . - (Fousier seriey exPam)D'ﬂ
%, (t) ancl 9(2&) é’ )’ieus oﬂl/ sine +€fm5)
are )(nown as
’}u)‘{——fa.'ﬂt’.'

x(1)
éx ons | result: an even }uncﬁon
pansicns!

=7 o 7 ! (Fowier sefies expansion

involves on’/ cosine fefms)

Extension as an odd function

Extension as an even function



f\/wnericaﬁ Compafaﬁcm 0)[ G?Gﬁabénfs I3

For s/mp)e }.'orms o} the )(MUL“W‘ x(t), the "nh’jmh Of A,Qn 9‘1’“4 )3n
can be evaluated ea>i)/v. However, he infej'raﬁan becomes involved EJ[
x(t) does not have o s;mPle form. In some Prad}‘ca,o app)fcaﬁam,ﬂve
Jfancﬁrm A(t) is not available in the fofm of a maf)vemaﬁmﬂ expression;
on)y the values o][ Alt) at a number o)( points tpty, sty are
avai}ab}e S, a s)vown. In Hvese coves, %%e coe)[ffdenh can be em}w%@a(
by u51h3 a numerical im‘eﬁfaﬁm Procea[we ike the /ﬁa))ﬁ“ZO;MlO{
‘5imf350ﬂ)sl rule.

(1)

\
/ ~ —_

/ -~
/ Y
1 N\
/ N
X ’I \\\
At | At | At ™ 3 At
0 / r SN
i o6 s Nv-1 | Iy !
/ XN—
/ N l\
/ \
N /
N X
N 4
~ o
-7 X3
X2

T=NAt

-

Values of the periodic function x(1) at discrete points 1y, f5, ..., ty

IJ( t,ty,ee, tN ae an even numbefOJ( equiva/enf Pomh over f):e
Pen‘ocﬂ T(N :even> With the Corms}xnobrﬂ vaadue s 0)( A(t) given [9),
i ﬂ‘(ﬁ)) Xy =%(tg),e -, %Nz‘x(tﬂ>,re>/>ecﬁu’e‘)/, then the aplp)l‘caﬁ(m oj
the ﬁa/::lc’Zo)Jaé rule gives the coe)cffa'ents as: (Z:NAt)

2 : 2 N Inwt; 9 g
- — “ . = — ® n"’ ® L ¢ { e
8= 2257 1 5 ay ,iZ;'%,co) = Lo bn_____ Zz_"‘i sin LnTt;

Caliass U SR Y o



— Emm;:’e: Defermine the Fourier series exPanSlbﬂ o-f the motion o]( the

va’ve n f))e S/§7Lem shoa_'n.

verhca.l motion 0 .
of the Pwhmo( 1 o "

valve
o —

3 t
Pushrod I] ) l Mo hcn Of Y( ) 1

x(1)
Valve B the valve
spring

Valve

Roller
follower

Cam-follower system.

So}uﬁun: We can et ')’(f)
write ton@ = T =¥ - %(t)=% v

g |
where y(t) < YLZ 0<t{%.

B/ ale)(m;nﬂ A__Y_Qz — 9‘(‘5)=A% 0it<C.

I

_ NG g
ao=;°_TJ e At dt = A (venb/ )
o (E o _ |
An = = Jo A 5 @ nwtdt = 0 n= 1,2, (Venh!)
V&4
bn: %S /u) ‘t’ glnnwtO( = -—-— ns 1)2701- (\/é’flf)/!)
(8]
SD) 9(0,'):%— % Slnu.i-—- StI‘IZ-LL.‘t—
P W W :% "/2 i%\nwf-b—%mi(ut-f-—-)ln}wt'ﬁ' }]
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_ E)(cun})’é: The pressure fluctuations of water n a pipe, measured
at 0.0i—>ecwlot infervals ,ae given in the follow,ng
T‘D}C‘l hese )f. ucﬂ(aﬁc‘m oue )’6}36 H’NG n ﬂa)tw’e MaLe

a hw’momc ana!/m o){ 7;16 Pr’e)sa/e }uduaﬁm'b anol

ozeil'efmme ﬂue flrsf f‘}vree %al’momc; o]ﬁ Aze )‘owz'c'f series

expans o7t
TABLE
Time Station, i Time (sec), t; Pressure (kN/m?), i
0 0 0
1 0.01 20
2 0.02 34
3 0.03 42
4 0.04 49
5 0.05 53
6 0.06 70
7/ 0.07 60
8 0.08 36
9 0.09 22
10 0.10 16
11 0.11 7
12 0.12 0

Solution: T=0.12 W= A®_ 2 ;
> V=T s 52.36md/, 5 N=12

Qo= = Zﬁ‘ 65166.7
an‘_i RZ Zn‘r't

12
bo=L 5" b sin tnrt;
125 0.2

See 7“}75 —[Zb'e

= n the nexf/:aje,’




TABLE

n=1 n=2 n=13

27t . 2wt 4mt; . At 6mt; . 6wt

i 4 B peos —o  psinge p sy AsingTS mcesoo B sin o
1 0.01 20000 17320 10000 10000 17320 0 20000
2 0.02 34000 17000 29444 —17000 29444 —34000 0
3 0.03 42000 0 42000 —42000 0 0 —42000
4 0.04 49000 —24500 42434 —24500 —42434 49000 0
5 0.05 53000 —45898 26500 26500 —45898 0 53000
6 0.06 70000 —70000 0 70000 0 —70000 0
7 0.07 60000 —51960 —30000 30000 51960 0 —60000
8 0.08 36000 —18000 =31176 —18000 31176 36000 0
9 0.09 22000 0 —22000 —22000 0 0 22000
10 0.10 16000 8000 —13856 —8000 —13856 —16000 0
11 0.11 7000 6062 —3500 3500 —6062 0 —=7000
12 0.12 0 0 0 0 0 0 0
S () 409000 —161976 49846 8500 21650 —35000 —14000

= Qo a, by ay

b’_ a3 53

Finally, the Fousier series expansion of the pressure ﬂud’ua%ms P(t)
Can be obf'ameol:

p(t) = 34083.3 — 26996.0 cos 52.36r + 8307.7 sin 52.36¢

+ 1416.7 cos 104.72t + 3608.3 sin 104.72r — 5833.3 cos 157.08¢
— 23333sin157.08 + -+ N/m?

/\L\//\__,/



Chapter 22 Free Vibration of Single- Degree- of- Freedom 20
5ys+em5

X T.nffoc[ucﬁm'l

Q: When O[O€> A s/ﬁ'em unclerjo ljreel v:erL:ong
A: then it oscillates on'y underan in‘i’riaﬁ disturbance with no
external Jcofces acﬁng a_)cfefwcual.

For a 6/mp’e ana,'/si;) S]sf’ems/machine%gf/ucfufg) can be iclealfzeol

Qas o Si@)e-cjeg/ee- o}-freea(om (SDOF) 5Ion)15—ma)s S/S%em.

Tewo exam[))e) oué shown Eelow.

+—.‘(l)—>{
/ k
// /
/ /
/ ,//,’/k = 3_[;3[ Equivalent
,// ! spring-mass system Nﬂtét Bo"lt p—
!
/| undam P ed

Vs

Idealization of the
tall structure

S‘/ s f‘em s
Modeling of tall structure as spring-mass system.

Rigid floor

'_'X(’” ('n;ass =m) '_x('l)
AT

I (1)
k
/ m
Elastic columns
(mass is negligible) N

vz " VL

Building frame Equivalent spring-
mass system

Idealization of a building frame.



X% Free Vibration o)[ an Unala-mpeol Translational System

Q Den'mhon of e(fuuhoﬂ oj: mcficfn usmj /Newfon)s sec‘oncl [aw o}‘ mo]liom/

Rade o M?C o](
momentum ¢ . masy
tse7uulz e f)zt'i][orce -> F(t) )—-> l]( m = Cmu*aﬂf—»

ac '/B on it
Vv? ;7
F(f) m Ol;;(zt) = mi({j where %(t)- ‘L @ _accrj. of er mayy

—> In other words: Resultant fofa‘f on themass = mass X acceleration

For a mas uﬂc[c’fgoing I’07La+/}rrma motion: m(t)ch 0

resullant moment a”ﬂ“,af

ac}ug on the bocl/ aae}eraf,cn

=+ . ‘
k [f mass 1 01'5/3151((’('[ » [———
) +% r’cm its static <«<— m
L s equili ibrium Pos:ho-n "

WC[JIM)DLJ SDOF system

F() =mat —s-Kx=ms e{ﬁw
@

= Derivation o f | e?uah‘on 0 f motion usinﬂ 'D?ﬁlemberi)s Pn’nc}P’el

(t) m—i’ can be e.un#en e
as

SN

ConSiclef S

F@) - mx 0 These can be considered as
M('t) =3-9 can be Cr;eu.fnﬁen, /ﬁtt) 3—9 O>’ t’?,wl:brwn ézraa‘bc'n) Pfomie(f
’ that w33 are
freated 0y a force or
momenf 7}75 j:cf;hou) fora«/
moment is kaown as’ inerfie’
jorar/ moment,




i <——m‘)l 2'

—> M + m
So; consider ,l-, o) > —kx-mi=0 >

SIS

@_ DenVaﬁm o]( eb}uaﬁcm o f motion u>m3 PnnaP)e o]( Vz{fuaﬂ ol/splacemenh

Lf a S/sfem ﬁzafu ne //tl)num una(er H?e acﬁm ofa sML
)(fofcw is >ubjecfe to a virfual 0(15}3 acement, then the

! f’ofaﬂ v/fhtaj wor/< o[cv’h0 b/ 7"}7e }ofa% Lu/ )u Z@fo

———

s 0/,

Consider 7%(: }o low{rg mass under virtual JISPIaCemenf:

’—> 8x 8 «
i 8_(-.' }—5 2 2 AR
. o taal
m ——-4 m } : m : - m [ vir "
[ B I kx ) —.m.\’. d . ‘ i,
(reactive (inertia 15 P aEemen
force) force)
Mass under a Free-body diagram

displacement x

Mass under virtual displacement.

//»neglhve S(gn wh,?)
Vlfi’u.aj wor‘( alone by{fhe spnnfs )Co/(e S W. .,- k‘X)S’X

the mer ha }orce BW,--h(mfx)B’x -

Toted virtiad work: ~ MR A= ko Sox = 0 —SEY o >u#0 rh&+’<7c-_0\\

@_ Derivahon o ][ equafnkm O)( motion u,sinﬁ ,Principle o]l Consetvatipn o ][ enerq /,

If no energy 5 }0)") H\én T+ U = Constant ﬁ.i(T_’_U):O

S
Kinehe 70 ten haﬂ O(t
cnerﬂy éﬁc‘?fﬂ)

| | A : ol 9 I s,
We know 7‘%(1*{“:2’7'(%2 -:,09(%’(%”?91 +‘/zk~x):0 »M



— E?uaf:o-n o]( motion o} a éPnhﬂ—-mass sysfm in Vc’fﬁ(,a,a PO)’}IO‘Y':

Conswlef H\e fo((ome S/Sf'em:

m
[ 1
W =mg
=t
— ~

Stahic Ec}uﬂ. Po):f;'(m

Upwcl spring force

balaaces docwnward

gravitedioral ][orce

dst = stati de ﬂec fiem or
eldmjaﬁ(m cue to W

W: mgz kgst

—————1+———-=—Final position
X

k(84 + x)

___ Static equilibrium
position

moh'rm(+)

TS 3 }—>

¥ 5 f mass is ole)qecf’ecl + A
from static c’éfuil. pomt)(m

J

® Newton’s second law

"k(ssf*"‘ +W=mx

—%Jé')(-i-)«//: ma

@ékx:ﬁ

° Prmcilsie of ConSe:’Vaﬁcn o]( enéfj/

1= l<meh'c='/2m512

U= pofenh'ao (spn'nj)z mgo +‘/ kfxz
v 4 2

U= pcfenhaz(ma») = — mqx

él.% (T+U) =0

jﬁ—(% m&i%{»r% l«xz_%«g -0
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— Solution ojf ma+ Ko =0

st substitute n ., 2 ince
Assume w(t)= Ce SULsTTe _ 51
(t) § e — —> C(ms +’<) 0 W

Constant

v ,
"152+‘(=O —_— 5:'&(—%—) .—_tiwn __)Nofe: Z-.—..J-_—l—) iy

auxifiar ) or eigenvelues oy W, = %
¢ hatac ters *IC charac }EfISILIC va /ues —
equation system’s notural
e frequenc y 0 )( vibiation

G—Wfa_p 50/(’({',.07‘ c- Eo m: Gx(t) . C,eiwnt.'. Cze—;lu“n‘t

w )wre C‘ MJC2=CM)*S‘

%(f): H,want+ Hzm where A,andﬂpcm};.

wmﬂ

il ”
(L8 v .
e =cosal +1sin at

Ini HaJZ Corditions (’I-C.— s)

| A(t=0)= A= %y —> A=%g
‘X(‘t=0) = 9(0 a-PP] —> i
‘;((t: O) = ‘).(0 ;((t‘:O):wn A2= 9.(0——9 Az—.ﬁ

Wy

— F{na“/,

— Harmonic Moton

n(t)= A st + st}nwni can be e)(P"(’}Sf’O( in two o[i})(ereni'
forms as fo ”owfnﬂ:



A=Awd and = Gonsts, I {Al:ﬂosm% s Agand ¢ = censks.
®If{ﬁzzﬂsm¢> L ¢ @ )C HQ"'A()C"‘#(’, ©e %

-r).\en ;mm Then -)((i’): AO S;ﬂ(wnt-f-d)o)

where u))‘lefé‘

A= a’"f)”f“‘&"m J——'—_\ A0=H=\[ﬂ:‘+ (f;_‘.Q)f

Velocity maximum

J
|
I
I
I
[
:
‘ t
L :
: Amplitude,
1
¢ \2Y3
Az {."”:4- (‘l‘_)) }“

x(t) = Acos (w,t — &)

Graphical representation of the motion of a harmonic oscillator

—~Some Poinks

@Th_e Ctl’(ulaf na)luray )lrec}uenc)/ of Qa SPr’”ﬁ - mass S/s‘}'cm m

ANNNNNNNNY

Q verhazﬁ Pos:hm can bc exP/e’)sw( oLse

wﬂ:‘J}%{ 0 i
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It can be also shown that %M _ g_s_

So, w, F Y& nafaralfrecfuenq F

nafura.ﬁ Pel’lool 27PJ‘§;£
@ If u(t) = /QC’o> w,,i’-sb), then
At) = veoc:f/-{g_(.@__unﬂs)n(wnz‘-dﬁ):wnﬁco)(bnz‘_('b+%P>

A(t) = a((&P d“(t) A corwt - @ W, Aan i-¢+ w)
@ Cons:'a[er 9i(t')= AC’O)(Luﬁf = ¢) —> %—- = ?O)(wnt— 4)) | .\ Jy=é(j-n
A== A, sin (w,,f—¢>>—-> - -’—‘; =sin (w I,L-c}:):-l.

n

So 137 S(,.uannj ano( acio(mﬂ H!E ﬁuo &:)uxaﬁo—ﬂs we obfa.n

DI%

Q./{cifc)e >\“_/

ell; Pse

a-y plane A~ plane

Phase-plane representation of an undamped system




_ExamP)e: The column of H)e water tank shown s 300}1’ a.no( 5
maole 07@ r‘e{nfofcecl Conde*e u;fﬂ\ a hLBu’af Cross secfum
of inner ciameter 3 ft asd outer dhameler 40 ft. The ank
wel lls 6x 105Ibs when](::”eo[ w}hg water. 137 neﬂ)ecﬁhﬁ

the mass o} the Colamn cmo( assuming the younj)s moohulus

o)[ l’c’m}ofa’j wncrete as 4x10° psi, determine the )(oﬂow.’nj:

@7“‘»@ nm%uaﬁ fféc}aency and the nafw’a,[ time Peﬂ‘o&! o](
Hanserse vibrahon o f the waler tank. (wn, Ti= 2)

® the vibration fesponse o)( ﬂuz water tank due to an
initial fransverse ob‘;;;/acemenfof 10 In. (eto=103n—>~x(t)=2)

© the maximum velues 0% the ve}oan/ and acceleration
exPer)mceJ b; the waler fank. (‘imax’ Wi = Z)




So)ahtm:@ we Know H)af’ 8:._P_e3 3ET
3L | '<=——3-
P= kS
LT (y-di)= 2 (110 9€")= 600. 9534 x10" in'
T S A
e B0 )60 G55 AHD ) a5 0432 W,
(300x12)
- [k A
wn_/; _—_\/'545.6672 = 0.9977 ,,a;l/seC
(b0} (386 4)

W(lb) g (in/s")

Th= Zr _ 4w

“n~ Qo977" 6.2977 sec

® I.C-s: #,=10in and 3 =0

Harmonic yesp omse ¢ 9((1’) = Ao sin (wnf-:- d%)

A =IO ()= 105n(0.99734, )
o o (eut) = |x(O-105n(009771. )
2 .,((t)=;oco>(o.9977t> |

© =t)=10 (0.9877) o (0.537 t+ r‘»}) > W= 977 njsec

H(B)=-10 (0.99 77)23;,1 (0.937 7t 12”—> > 5= 39540 i), . 2

—EXam/J)e: A fixeal—fixea! beam Of square  cross section Bmm x 5 mm
and leng)‘f 1m, Carryng & mass o-f 2.5 kg at the midolle,
is Jrounol to have & natural fre(faency 0 } tansverse. vibration of
30 raw[/s Deterimie the Yourgs modlulus of e)a>1‘[cif/v o)( the beam.



¥ 1m/4* BEmm
Solution: Cbnmler
/; i x PC _, . P WLEL
- T 32EL Bay
o2 e
2
On the other }ltu’lo(; k=mw,
9 = . 1,3
'?.7:_[.':;‘[= mw% E=mwne
g3 192 1
- , 'L 3
o 13O0 _ 507 16! Wy
192 X3 (0‘005)
g, S

— ExamP’e: The cockpit o{ a ][u‘rei'mck

felescopinﬁ boom , as shown. The coc ]<}>it

fireman , weiﬂ)ﬁ
Of vibiation 1n 'V£)a v’er’h‘caﬁ Jl)’ecﬁcn.

(E=2.1xI0" N/a?

Q' = ei"' 93 =3m Bucket 2
{ A,= 20 cm® RN
Ag=10 cm? b, A7
| Ag=5em? 4\
OF =

P );c;fei ot the el o][ o

alom u.ﬂ’EfEQ

9000N. Find the coc LPth nafumfz J[relfuenc/
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Soludion: Since the }orce inclucecl ot any Cros sechon

0,0, 1s ea,uaﬁ to the a,(iaQ Loao( app ):eol ot
the end Of the E@Om, s shown, the axialz
sf/ﬁ(ne» of #e beom (kb) can be ex})fe»eo(
¥ fo//owfrg:

' l /
—— |
10, “
! I ! L ! h i
L [ I : Ay
e . W offe e B kb"--J—l =0,1,3
Ky Ko, Ko, kyg % i

[ "’
¢ .’
l‘b=(2 10 )(;0xlo_)= Huo7 N/

u -4 . F4
kbf (2.!x|g)§0xlO )2 7x|07 Nm kb-'—leo N/m

; _é eyl
kbf @21x10' )3(5xl0 ")=3.5”O7 N/ (v ](7)

g Sflffﬂf’” c»f 7))€ f’e}m(o})mj i)com in 7L}\€ Verﬁmﬂ
ol[recﬁm\, K, Is a[ef'crm;neal as

k — kbCo32415 = 7\)('0700)245 = |D7 N/n’] o 2 ()J"‘yg

_ ¥
Comeguently, w,= [k _ | m‘g/g = = 2214723 1ad




X Free Vibration of‘ an Uno(a.mpeo' Torsional System

If a n‘afd body oscildes about o speci ](ic /efereme axis, the
fesu)h‘nﬂ motion is called “forsionall Vibiation, In ths cave,
the all'splacemenf o][ the boo[/ is measured in ferms o an
angu lor Coomé‘/zafe.

y/II77, /////{’/////S//'{j//// 9: (,Lnju.)af Yo {»ah' o7 © f f)-’e C[;SL
[y = | :
' ‘_(é.hch«:lar about the ays of the s})aﬂ

iner ha S/'sfem 4 =

iy, 5}15'#)5 anﬁo)cf c’f» Ewist
Also ca”ec[ (J‘ |

“tor S;MJ Pemluhun'
k0
. @) '
‘I(l
n’u:wmeni>

or
D 1 of inertia LFBD OJ( 1—},50[,'3)(

7 . .
1o rs:M sprng - hf
Torsional vibration of a disc

1:4 Disc
|

s }na}f
ferque  k diameter

L[ ) &I ool *
From the f}\eor)/ o][ torsien o][ cireuler 5)7(1})‘5 ¢ M= TO e ; SIO-_- =5

po)ar mement o f
iner tia 0 Lr)we
croYs sechon ©

)"}ié s)ra}f‘

SHAFT

Note that s)mff acts as a Ersknm,o spﬂhﬂ
with spn'nj Constant : . Ny GT, Gd?

. — e m—

6 ¢ 328
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E:Tuafion o][ anjular’ moHon o)( HTC ol[))(: J;é. +kt9=0

J(_): Pclar mass moment 0)[ inerha

‘(t: torskma,lg spnnj Constant

: . i //'\/\N\
Nahtm(/ circular ][/eq.uenc/ 0][ f))e *01’5:671&[ s)ofem: @
o do
Period ¢ Cn=2m [ deo
kt
F JF = L ﬁ
e uf/

}%Ia)’ mabs p?omgnf?p‘nefh‘a of f}n) CI{}J(: %: f—hsl“Df= W—D_z}
. 7
J

W: weigh’
P: Aensi}/
ht thickness
D: diameter

Solution: mgenera,@ soldiin c)( J55+kt6=0 R Ny X as:

6= F),Cvsw,,f+/lzs;@@ which re)oresenfs a s;m}))e

harmonic motion. fq, and Ay can be Olffé’fmm&/ ;fom

the iniﬁaﬂ &ma(iﬁons.

1.0 < {9(f=0) =6 i %nm};ﬁ agl =
C.~s4% ; [ -
6(t=0)= (f-’g . 8, Can be foww(m Ay= €y
i (verify!)

So 6(t).—= Bo Conunt +% sin w,,h
n




— Example: Any rigd body pivoted at o pomt ather than ifs
center 07[ mass Wil oscillote about the pivet pount
under its own Igfal’/faﬁovul] -fura:, Such a system is
known as 'Com/)ouno( Pcanc{u/am,. Find the rodura

ffe(}uenc)/ 0)[ Sucjd a S/sfem.

0: Pomi’ 0 f sus,oen:sfoﬂ

Ge: center of mass

Solufion; Note that ng}cl bocl/ oscillafes in A=y P’ane_
6 describes the motion. dp is the mas moment

o][‘ iney Ha of H;e boo(/ aboaf Z-axis.

The reS*Of;"j fofqué olue to wmgqu o)[ ‘f,’)€ borl/
is W sing.

Eom; g6+ Wdsinb =0

3,6 +Wd6=0)

Natual freq,ueAC/ o} %Jye s/sfem: wn=\/%]=f%

i W W e S

assume small anﬁulaf

olis Pfaaimen t (Sm O~ 95




p ;i £
— Queston: Ven'f/ that the notwal J(requenC/ oJ[ a simple

Penclulum IS "Un=(g /@)W.
Hnswef: Gms(clef

\_/—1 mggme - feSfoflhj J:OI’CG

"J

4 assume smau .
,O l — —> Q@ 9 =
So, m€O + mgsin€=0 Jspl () 7{ +7lg0 = 0

- Eom:@ .

*Qay'eig%)s Enerﬁy Method

Enerﬂ y mei'}w(;[ 5 useal to )[inJ 1’}16 nafufag frc’c]ﬂencies o)( SDOF
s]srlems. _]71_3 Pn“nCiP,e 0)( Consefvaﬁun of enerﬂy, n 7“)1:’: oon f’ext o](an
unclampeol vibrahhj S/s;’c’m, for teo olib(e/enf instants 0)( time , can

be exP/es)eJ ay:

T; + U| = 2:\(:’\2\

© I}@ is where the mass pases wa’mgL the stahc ezfui/fb/,'um Po)/‘h'a)q,
ﬂ.en {J':O ana/ —’;=7:nax

° If @ is the time Corres):(mclmﬂ to maximum o(J‘sla)acemenf o][ mass

11Len -Ti‘-‘—o aﬂd U;z:UmClX
=L o S T



— Examp’e: Detesmne the e)qed'of ‘l’)?e mass o)(Hm spring on Hwe
nahaaj[ ffeqﬂéﬂc}’ Of H\e SP/fr}ﬁ—-ma” 5)’57'?'" shown below.

total leﬂgfa — .
of sping ™\ .v'
1/\}_ k, Mg

displacemet o <] ,}‘_

'y' om the MI
4 " ’ d,s a’acemen*‘ o)( Lowef e

SM-PPO’t:‘)((—ﬂ-) I ») ; ) 4.

( veloci }/ = ‘5((7/0)) b» of the spling or mar m

(9= Velocﬁy of the md”>

Solution: Total kinetic energy 0)( the system is:

A 4 M 2
Tgmir]| 3%
.

_—

k:'nehZanetiV 0 }
spfing element

of lengf %y’

2 o2
| . I ms
l—_/.—m‘)( +—’-2 s N

Totad Pcfenhaﬂ enerqy) o-)(Hve >'7>ham 15:
A max. oﬂs l
= —!fk% f_;’ ovf massP

If harmenic motion is asswnecl: a(t) =X cowl —

2

Max. Pofenhaﬂ energy: U = kX

mg
\} m+ —
t 3

So, e}fecf’o][ma» of s’on'nﬂ Ccan he ac(oanf-eol -fof
by adeling 173 of its mass to the yain mass)

. 1 m
Max. kinetic energy:ﬁax’ -‘{(””' ’32)7( o 1.
L8
2




'—EXCU"P’& Find f)ne naﬁu’aﬁ frarufnc/ 0)[ hansverse vibiahon 78

of ﬂve ]fo”owinj mas by mc'uol/'nj the mas o)( the beam.
A . P

g
I ,zﬂf\?l =22

t
Solution: To include the mas o]L the beam, we fincl the
equa’en* mass o)( the beam at the }ree enJ using
Tke ew‘vajéncf 0)( kinetic eneij. We know +Lan

3() 1() mux (38—’)(>

_P“ 3e /BIYmu
o bLI 9= z ﬁ&

(7()_ ymax (369(2_413) — )!(‘-X)— ym‘”{ (30
¢

203
| o2
‘T;, — Max. kinetic energy o f the beam ke l}a —'—JO% [y(x)] dx

T 2t o

]'_Jf me(f= &}uimienf mass o](Tlre am};/eve/af f)’f’ }f@é eﬂo{,

then

-3 m

2
I -
Trnax= 7 Meq Imax > Mg 140

total ef fc’cf/ve mas acting

SO’ Meﬂ at the end }f}ve au)hlevef b“l’”— M +me0f




X Free Vibration wiﬂ) Viscous Dampng —'Tr_ansla"rionaﬂ Sysfems

Asirg’e—degr’e@-oj{— f}ea}om s/sfem with o viscous olampcr is shown

below:

+x
System Free-body diagram

. _ nsert in
Solution:  Assume x(t) = o LI C and s = constants = OI‘Yl >
a 24k
msi-;- cs+k=0 —> Reobs: 5,97 k- ;,;qu or
chatacteristic €G- ot
N (t) = C e !
C 7 So ! !
5' Q=" 75— p (.C...) . k_ _— 92 ==
b im im m xz{:t): Cze

Gereral solution: xt)=C, e?:t_,_ C2;9 siliiie C‘M,l C,= Consts.
determined from

I.C.-s

Cnh‘caj o(ampmg Constant am( f)le o(ampnrrj ratio

. 2
g - SxEFE - (5)-
i —Zo C. = critical dmmpmj

\\
(Jrbr & T
s i b im G Im =4 “n
U S, s e c &m
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As « mu)f, the solution o)[ mi+Cx+ k=0 , can be writfen

Note : ;"[3-=O — anclam,:e(l S)/)?lem

Mete: sa=-d 2 571wy (WhY2)

— | O <l or ce. — unclﬁlala.m,)ul sy>+em
”’IEYE aie 'f})/€€ POSSI\L)Q coséese: @3':’ or C:Ccacfi*im"/—clampecl Sjsllcm

5)1 or C>Cc - 0 Vero[wn,m[ S/)}fm

@Undefelam’:ed S/S’Em (é(’ or C<CC or 2%1<J—_|’<;)

Consider 5,9= (<2 [T o 42250, §s,=(-5+zm o
2 ( g ) Sf(‘&“i\/’—jj? Wh

So, f}le solution can be wiitten in c[t)gereﬂf- orms:

- — -

T et
)=, SEHT)t o fEHT=g) k
et { ; e-iﬁ?(;'lu),,’c+ ie-m‘-?u,,t}

_fud .
=e 3 {(C,-f-C«Z)Cc» ;-52 “"nt +1 (C,—Cz)s;n,h-(}"l wnt'}
= e_(}u",,t;C’w) . -2 I ‘t '/ 7] -2

Y | 8 Wl + Czsfn,/l-g (_Jnt}

- Xo 8"5wﬂt5}n( f;? wot +(%>
“ X co (it -0)

Nete: C,,; C;_; X, X, %@ > Comstants to be dletermineel from I.C~s

£

|




(1= X [T L o+ i tnifn
A -—ll = - “a
s )

o

< R+ J %o
441G
! ‘Xowqu{'

Nete: For AllmP("C[ barmomc mo)‘;on

—;e \enc—— '\‘:
o b olampai x{:]o(aﬁc'n V! m

Y Because o- facfor e éw am)o,u’rucle
creases exPonfenfta")/ wi fj\ time

Underdamped solution.
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@Cfih‘mﬂy— Dampeel stfcm (é=| of C=C.or —%ﬂ— _‘:n_)

-l-O
Gonsider S1,2= J*‘I}z >w —> 5=5= €£.=_(,Jn

e T NS —

-( B L &S
- 4 "
LE,~sx Yf(tzo)z% Gi="% — 7((1%) {o*(’b"“"n"o)t e " !
H(t=0) = x Cy= %o+ @y

° non,)eu'ocl.'c mcﬁn

e motion wl| evgnf’ua")'
oliminish fo Zefo
f-) o =)e O)

° See }If’we below |

@Oyerc/am)geal S/sfem (3)! or C>C or ‘C— >J;':,——')

\>o ‘F(’Z*J?’T Jea <0

(52«5;)

Ny fg-m)

So’u'hon X(f:) C

[. ncnPenctL‘c moh'on! C2 . ‘—?tow,,( ({_ ,{Jz- I )-— 9(0
o motion diminis hes an ng_ |
exponenﬁ'a"/ with

time
e Sce ﬁgue below,l s 2

o —r




Overdamped (¢ > 1) Undamped (£ = 0)

Underdamped (£ < 1)

N (w,is smaller
,/ / than w,,)

Critically
\\\damped({ =1)

Comparison of motions with different types of damping

The freé olam):sec[ Jes ponise 0]( a SDOF 5/5'}'8!)1 can be feFfﬁen)Le(J
in Phase—/a/cme or stafe space Qs inalicakfo! in the ﬁﬂ“’e belowss

x(1)
Critically damped
//, (xq. &)
// A\

/ /- \{ \—Overdamped
; rl,
| 1

\ x(1)
7
N
\\ p
\\

Phase plane of a damped system

- Loyrif%mf ¢ Decrement
Q: What does /Ojarh-lnmic Cchfémenf O/OZ

A: It /e/)/f'senfs the vate af which Hhe [LM)‘)’HUCI& o{ o
J(:’ee—o(ampeol Vibredion o[ec/easa.



' N n 3
Lcajarl‘f}vmt'c ClEC/emenf’ /9 oé;?]({hec[ as H»e nahﬂ 203an’r m

of f},g echo o} aﬂ/ two successive am/)l[hw(e.).

Let ¢ and t, dencte the Himes cwfespo‘rlolfz\ﬂ to two cwnsecutive
a,mP/ihw(es (C("Sp)aa* menfs); measweo( oné c)fc,e a.Parf foran
Mo{ﬂo{ﬂmpé‘a/ s /sfem > S0

‘Xl@t' a_m[ t ’Z:t wh&l’@ Z:Z_._Tp
’)(2@&2 |+ (1, 2 d wol

Since «(t) = Xe ’" co)(J_’th ¢) e

i XeJ” Ll e ¢) (Yaﬁo)
f)(z X.g& tlw,(wdt 4’)

t=t+7|
s,
We can wnle: Lo> d)) cg>(iw+w4t, 4> Lo) wdf: ¢>
S, M1 _ e-g wat, i egw,, (o

% J“n(fn“iu)

e —

¢ il - ’
é?imﬁ 5= L"-*‘éwz 2'""5‘“” __ I _aw c
cremen W J’ \Fg "‘)al Im

For small a[amf)ug)u)oere 3<<1 Lo E S Z‘ﬂ" 2

g

From o= —> s ~
So,; J"_—(’f“ 5 J—Q—';‘)_*‘; - Note: & s melt‘ecl

' anof"ler fo{m
From 5,,.-,2718’ — (ngSqF ofd‘ Both e

abmensum} €5



The variation o]( > w?ﬂlé is shown be)ow:

14
12
- Zfrr'cf
/_\aw 7 6=
ri ,-3
I /
/ A
[ ¥
4 -
s > Z.’T\"Cf
2
v

0 02 04 06 08 1.0

C
—>{=E

f‘[ote: IJC clamplrg is not Jmown) HL can Joc’ ale‘}erminecl exPﬂ’immfah}’

by measwﬁ'nj two comsecutive displacemenh x, and. %y.

o —

qm+l— Ay A3 Ky X+l

11:{ '1’ a.nCl .’(m+l are St’PGfﬂ}ﬁd - Q(I a)(' qz _—(X)}. P 'Xm

b/ some number 07( C‘om,)leh’, cyc/es

For any two successive alup’acemenii—) E(_J_ _ J“’nzol
seParafeo[ la/ one C/Cfe J+l v
Y _ () genTqm 1
T ) = <
By CO‘ﬂS/c[(’f;rg -(Eu, Zd — &= 7:4- Ln({&-‘)
\
5 ="
P~ e e (75“")2—'1'%‘1 2"]11



% Free Vibiedion with Viscous Daijnﬁ -Frsiomﬁ Sysfems 3L

B

Consider a SDOF fofsiofloj
5/sfem Lb’l‘f"’ a Viscous LIW'PL"(; Shaft, k, —
as shown. The EOM can be | <

O(Ef WéL[ as s Fluid, ¢, Disc, J,

kb ch
- (alic

Jp= mass rmmenfo} inerhi o} the dlisk _N
Ci= torsienall viscous deum png constant
kt - SPflr\ﬁ Co‘)l)‘}a.ﬂ"' Of'f'}]p ‘)75 h)m Torsional viscous damper

6,0,6 = angular d isp’acement ve ’oaf/, and
acceleration o f the disk

T}'E:» So’uﬁbﬂ 0]‘:'/’}16 EO/YI dan bejouncl e)(acﬂ'/ as in 1‘)16 cane Of

linear vibredions. For emm,:)e, in the unclerolampeﬁl case , the

Jfrequenc/ 0 )( clampea[ vibiation s given b y

W, =, 1-52 where W= '_‘1; arw( 5=_€t_= € Ct
JO th ZJow,, A ktJ;)

2

C!iht'aﬁ foSmtwo
da-m}oi{zj constant

/_\_CN—\/



An umlerctszcc[ shock absorber is o be alesigneel J:of a
moforc/c’e oj[ mass 200 kg , as shown. When the shock

absorber is subj'ed?zl ko an it ver)‘,'mﬂ Ve,ocjf/ oue
to a road bump, the resu/hhj o[fsPL— time curve is fo

— Exa,m’)'e:

be as indicated in the ﬁjcue below. Fnd the hecessar y
s}iﬂfness and 0&'"/”’5 constants of the shock absor ber
if the O(Lzmloccj Pen‘oa/ o%vib/aﬁon isto be 2 sec and

the anplitude %, is fo be reduced to one- Jouth in one

ha’f C/c/e, 2.6 X.5=%/4.

1)

S
S
-~

(¢ )q\
N

Solutions Since X g = %L, 9(2;%5 -_-T?' 5 then
=LY Ln(lg) - 2.772¢ =J2;&; = §= 0.4037
-3

Td: %7& — 2= i’Tl” = 27 — wn=3.4338£5té
Cl U{J wﬂ [,_ éi

Co=Amuy = 2x200x3.433% = I373.54 N-sec/m

C=§Cc = 0.4037 x 1373. 54 = 554. 498 N-se/m

k=mwn = 200X (34335)%= £358.2652 Nfm




N 33
—-Emmp'e: For a given w'larahnﬂ s ystem w ith viscous amping

W= 10 Jbs, k=30 Wbfin, andd ¢=0.12 Ibes/in. Determine
the Iojar}flwml'c (lecremenf and the ratip o f any two

SUCCESSIye amP//‘fuc[ es.

So,u};om: wn=\/’!;_ﬁ= "*13286 =34.0 fao(/sec

G=Lmewp=2x 1S 5 34.0= 1% Ib.s/in

. C ol
& C L

S 2m _ 2mx0.068|

= 0429
-5 i - 0.0’
D[ 4, & 0429
B-Qn(q‘i>——>—m—;~:e-_e _ 15

*Sfabi)ﬁ"/ o][ S,vsfe,ms

,Sfabf}ht/ s oné o f‘hlfe mo>+ fm})or ian?" C‘})ar’ac}en's}l‘cs fo/ an)/
v[b/aﬁ'rg sysfem, A Sysfem can be eif’wer Ias/vr"f)bh‘w”/
S?Lauelor ‘stable’ or 'unstable’ | as o/e][ineo’ in the -JOHmejo



e A s)/sfem Is olej(fnec! to be lagym}ﬁbh‘ca”/ stable ,) ,‘f Hs
)(r"f vibdion response app/oaches zero astime approcche)

;ﬂf;n”}/. x(f)

Asymptotically stable system

o A system is said o be stable’ ;’J( its ﬁee vibration fesponse
neither o[eca)/s nor(jrows) but remains constant or oscillates
as time a/o)oroachw inﬁm' /"/.

x(r)

AANA
\VAAVE

Stable system

(o]

o A sysfem (s COHSI\CL’.)’L’LI to be Iumttab,e/, i ]( its free Vi br’af,}m

fespomé grows a‘}f'}qouf' Eow\a{ (app/oacka in };’nf}ﬁ as time
approaches fn)cnif' ye

x(1)

[/ — no oscillation

0 t
|

Unstable system (with divergent instability)

x(r) 77

— osa‘"a +10’7|

Unstable system (with flutter instability)



34
Siability of @ system can also be exphined in ferms of ifs energy.

HCCofO[mﬂ to ths scheme, a system is considerad to be ‘as ympfoﬁcah/
sz‘ab[ej 'sfab/e; or ‘unstable’ | )( its enerq y olecreaw), femains
constant, or increases, rapecfivel/, with fime.

o e N s

-Example: Consider a un{-form n'rjiol ba, Of mes ‘m’ and ’3’19’{ [
Pivm‘eo( at one end and comected S/mmefrfca”)/ b/ fwo
springs at the other ena[, as shown. HSSLLm/nﬁ that the
s’Pﬁngs are unshetched when the bar is vertical E
derive the ezfum‘v'zm o][ motion 0]( He s /s}em for
small argular dlsplacements (o) of the bar about fhe

Piv’of Pomf; a/w[ 7nv€>7L3a7Le 7%6 57%57//’}7 behavior o][
7"}78 S )/s?lem.

.
i [sin \J;e
|
- k A k | klsing " kisino
- WD i

~— mctien

; b gg;/;teﬁyo[—
Il -
5 gfav:*/

& L@

8 rce
bar in ver ticel position

I;—c;r olisP,acecl aJ( an ang 'e 6



Solution: Eom o)( the bar ise (Zmo=0>

2 <“c
m39 6 +(Zk€5]n9>@€0>9 = \,\/% sn =0
J; |

Spring wegH’

. sinbx 6
For small osa'”afmm{ " -
Co>0x 1

Characteristic etfua)l'/oﬁ f>£+ X= O

2 2
= Wl
% © +Zk€ Q—TS—O

e e e T e e

Solution olePeno(s on the sgn o} K
@0( >0 — Q)— A,co>w,,t+/l7_smw_3 (HVA}.: Ccm)‘h.)

and w,= ’;zkei 3weé
Im 62

The solution re Prescmls a stable sys‘}em wiJr))
stable oscillaions.

@ 0(2=O > EOM: é:O inf&]./a‘/e . 9(%): C,t+Cz

_hUice (CPC?_:CDT\S‘));)
C=s Ot)=et+6€
L oA CORL D

The solution shows that the sysﬁem I um*au
with the argu/ar ol:s}))acemenf increasing wing liear Iy
@d2<0 —_ SO)M}IO‘”' 9(t) B e t‘f‘BZe-“t (BPBZ (‘m”}))
1.C-s ie(t =0)= 6o

Bit-0y-, > (00=g ke +d)e m

The solution shews Hmfé(t) increases expenentially with time;
— hence, the motion is unstable. P 4




Chapter 3: Harmorically Excited Vibratien a5

¥ Introduction

A mechanicell or stuctusal S)/S]Lem is said to .I,an[efﬂa J(orcecl
vibration whenever exfema,ﬂ energy 5 suPPhéLl to the s/vsfem olwinﬂ

V"lofah.(?ﬂ- Fxfemaﬂ energy con b(; SUPP”eJ flamua)l 6’5”16’7’ an aPPL.eA
)[or’ce or an }mposecl cfasp)acemenJ' excitation. The af)p)iec.l fom: or

olr'slajacemenf excitation may be harmonic, nonharmonic bhut Periocbc .
noﬂperioa(ic, or random in nature.

*Eqwaﬁon oJ( ~ Metion

If a fon:e F(t) acls on a Viscous,/—ciampecl 5Prfn3-ma5s
g),sfem, as shawn, the Jﬂ:llow}nﬂ EOM can be obfainecf (how?).,

k cx
k " FBD I [ EOM: m5i+65(+,<~7(=F(t)
=D 'Tl _l
L
A

Since f}m EOM s nonhomogeneous,, i1 3eneraﬂ solahon is gfven B)/:

w)lere



((t) = genem,ﬁ solution |

33 (8) = homegenecw> soluton, which i the solution of the hemogeneous
equation mi+C+ ka=0 represcnﬁ}g the J'/c’e vibroctiom off)ve
system. Free vibraton dies out with tme wunder each oj Hﬁe three
possfb)e ( unJerJampm_q, critical c[amPnhﬂ, ard overc[cwpn}g) conditions
of olnmpinﬁ. Ths part of the molion that des out due to
cla.m})irg is called “transient’,

At)= particular solution. The generall solution x(t) eventually recluces

to the pur'h'ca/ar Solution , which représenﬁ H;e ’sfc’azj)'/—sfa*e’
vibredion. The skead/.- stafe motion is Prexn+ as /onj as the

)(brcing fwzcﬁoﬂ /s Pfeserzt

The vibradions © )( homogenéou), par hku/af)alw[ gcnem_d solutions wffL fime
for a f/picaﬂ cae are shown below. It is seen that % (B olies outand
®(t) becomes %p(t) a)(fer some time ().

stead /- state

= motiom
K ) It

N IR e e T omeqeneous solution
N W ¢ (trarisient)

x A1)

5 JANYANIA NN Pafﬁcu‘cu'sdaﬁow
VARV VAR (sfeacly—Sfa’?)

)= x0) + x1) o .
AVA : ral solution
5 Qﬁp‘% — genera

| (efenf’ua"/, sfallf-ﬁak)




* Response oJ( an UnelamPgA stfem Uncler Harmonic Force 36

Consder an unc[mnpec( sysh’m subjecz‘ec[ to a harmonc force,

F(t)= E cowt. The EOM 07( the Sys}em X

@;@ here iFD :amp’i‘}mje o)[ harmonic exuﬁtﬁm
o):frequenC/ of %afmonic exciz%&mﬂ

The Aomogeneoas solation is SIVen L))’ (m&+,<‘x=0)

—— e —

S

1= C, cow,t + C, ﬁ”“’ﬁ where wn:\]T'rﬁ'

—— e

—_n'l‘e Parﬁ'cu’ar 50/0(.’}1‘071 5 assumeal fo JDQ:

m where Xz maximum amphtude 01 #p(t)
P Rasut ) p P

B i Subsﬁfuh'nﬂ Q(P(f) it the EOM and So]w'rlﬂ )(OY X ,we can

wite the totd solutien o ]( the EOM a>: St
AL = X= (=}
A(t) = C,Co>wnf+Czsinu},t+ = 7 awl _ g
k-mw Nete: Sst': %/k
- L S S s 5
homfgenfcu) sol. articular sol. static
P deﬂecﬁ@-n

9‘&:0) = %o

B)’ usmﬂ I. C."S .;((t=0)=¢5‘o

» C, and C2 can be c/efé/mmec[, and

ol :
x(t)= (c,(o - kfmw") C"’“n*"‘(*zi) sinwnt + ( k-:zwi) coywt (vcn‘}y.')




Since X= Fo .= o5t )'1.‘_”'

k-mw - (w)w,

represents the rato of the dynamic to the static ampliude o f
motion and s called the 'magniﬁcmﬁw Jactor', ‘amphficachon Jac?of',
or ‘anplitde ratic’. The vasiation of the ampltude ratio (£
cith the Jrequaney 1o (1) b shoun below

X
Bt

n

XI5,

Magnification factor of an undamped system

From the fiqure, the response of the sysfem can be dentified to
be of three types, @ liscussed in the followjnj-
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1 . v x | . TE
@ When 0< %(i) the denominator in it T:-(__-“i)i 15 positive,,

W,

and the response I5 5:‘ven by ‘X’:ﬂ)=xcmwt. SIP&) s said to be in
P”noue with the exltema,g forae as shown.

F1)= Fjcos ot

™ TS,
=~

(o]

xﬂ(r) = Xcos wt

DN\
NZaEE

@&Jheni""->i f)wa(en,'} o X | ' at;
w, 3 OMinedor in 3}[_ " (% )i 15 nejabvej anc[ %Joe
f' me ) " 1 [
5 eaod)/ ffe So/mtzon can bc’ BKPV&S&J as “)(P(t)—- -Xcmci', w)'lere
dst

(=)

below. Since 'Xp(f) and F(t) have OPPOmLe S1qns » the response s Saio(

X=

. The varations Of Ft) and %P&) with fime ave shown

to be 150 out o][ P):ase with .
Hlf Q,(f'efna,a )(Ofa’- F”SO r?ofe Fﬁ\ A -
N_” @
that o f—‘*"“p X—0,
n
which means that the response

o )[ f):e S/s}cm to a }’)afmo.nic JOYCC:‘ _f; //\W -
Oj very )1;511 J(reqaenc)/ is close to zerp.

xp(t)= — X cos wt




or

. o Bt
(3) When %g) the amphfac[e X given b)/ X= —,—_-(_;_—,\

o) n

Y= (——w__ﬁ;;i_ﬁ’ becomes i ﬁn?fe. This c‘onolf'h'cm; )fOf which the J"ofdnj
Jrequency (w) is P‘}“‘LQ to the natwal }fe‘fueﬂc/ 07[ the system (w”)’

15 Ca/lec{ /fesonance’. P&Ponsc’ o)[ fke 5/5f'em af' resonance Lec‘om&
A (t)= 9(o£o>w,,f+ _%q sin “"nt M b at sinw,t - It s founcl 7‘)1a+
. Z

at reso : . - .
nance, x(t) increases molefm:fe)}/. The response }or -C%\—-_-l is
7

S}?own bejow.
x 1) -
0 é/’ /\ /\ .
=38 !
fe— 7 = i—f::\\“v U

~

Total Qesponse: The total/ response o f the s)/s}eﬂ’b

0(({:)= G cmw,,f.' +C2 sinwnt + ‘_Fﬁ__, co>wl

K-mu

cCan be exProsseJ as 'ihe sum- OJ( ‘fwt‘ cosine curves

of ob'}[erenf frafuende’, as shown in the fo”owfrﬂ,



where Hanolé are Constants. In fact these eeruuﬁbm are obfa;’nec[ JD)(
a;sumkﬁ C,=ﬁcos¢ and C:Fﬁ s}ngS{verib/!).

N — T —

—

Beaﬁ«,jg Phenomenon s If the )(o:’cinj ﬁe?umc)/ is Close to, but not
exacﬁ)/ eyaalj to, the neatural fregmenc/ 0 ][
the system, Pkenomenon known as

lbéa?‘hg’ ma)/ o Ceur.

33



—ﬁ:_e Pjvenomenoﬂ of ID(’CIH"ﬁ s expjcu'ne(} b)/ Cons;'clean Hye Soluﬁ"m

x(t)= (0(0 - " Fo 2> Coy wWol + (%)sinwnt +( o ) couwt . If

-mw -mw®

6}(0= 9}.02 O) ﬁven

n (‘Vn ~wh

() = (F/m ((a)u.t—uuu. lL) (%/m) [25: ‘t sin Zwt]

LeT w be >hg)1fl/ less Hva.n W, —=> Wy-w= ng oy Posh'we ?wnh'}y

So, wyw, —» W+ wp=lw

|

> —> w,,z- widew
motiom with Pt’f:'oc[ fw/w
ety
Cbme?aen”/ 4 fx(f) = ( fo/m s'mst) sinwt ( Plo thecl Lelow)

2Ew

—

variable ampli’mlf
with peﬁocl /e

Py The Mp‘-h{Je butla[s up and f“ven

f:bn’nmsha ina :?ju/ar/wnhnuow Pafel’n
4.‘ 2 "- F.Jn'm .

j‘.(eqygncf fl:ea}rrj ClJb= 25:-..0"-0)
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— Example: A recprocaling pump, weighing 1501b, s mounted at
the micdlle of a steel P}afe o)( thickness 0.5 in, width
20 in, and lengf 100 in, clamped olon teo edges as
shown. During opercdion o)( the pump the plate is su%jedeJ
to a harmenic force, Flt)= 50 cos 62.832t Ib. Find the
amp/fr‘uo[eo vibrohon o ]( the P/afes

0.5 in. '/*_\
bt N /
2! T | F(r), x(r) /
I 100 in.
(W= 150 Ib
t=0.5in R
W= io in — x = Z’
L = 100in
‘ F(t)= 50 co> 62.532¢
Solution:
N=_fo  _ 50
k-ma?  192(30x10%( ii'%_ﬁ’ | 9
/ ) - (29, )e2.32)
p 100 33‘66 4
0.5" .
I:--P"' 9 (/g
p——
h LR Fap7 )
k.= |92EI
4~ 53

C)meam: respeme Hn(t) of P,a}e Is ouhs,(

—~—_—~_____ phwe with the excitahion F(t).




—Exa.mp'e-‘. A 5Pn'nﬂ—mass s/sfem)w}m a spﬁ'ns SHHHE‘SS O} 5000 N/m,
is subjfcfeul to a harmenic }orce of mag aitule 30 N
and frequency 20 Hz. The mass is Jound to vibude with an
am}sh’ fuo[e ot 0.1 m. Hssuminj ﬂ'la}' v’ibmﬁon s)LarlLs J)’om fe>f

(%:5(0-.-.0)) defermine the mass o)[ the S)!sf’em.

k: SOOO N/m
.- 30N
f'- 70 Hz

mass amp’ihtc[e ~0.2in
9(0 =1.0= O

So)uﬁcm : G; ider ' fo : L
ns:Jf 9(&) =%‘;-_Dm_w (‘mw,t-#(?‘on sinwr,t‘* (k&mwz>co>wf

- «(t)= Fo 2(@)wt-&»u.},'t)

- m=¢

Mo

= %(f): iFa Sinw"+w t. 4 Wi —uit
k-maw? 2
g MP};'}-“JE O}.__ O.Zz z;_;
Vibration Y
0.2k -2F;
— O.Qk-O.Zmu.:i:Q}-'; PR—— Z : 0
0.2 w

o e 0.12x5000-2x3c; - m:O.QQ?ékg
O.ix(i“}]":iO)

/_-_-\--—-‘_T\‘*-—-—;\_,’
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For a olamPeJ Sf'sfam subjecfeo( to F(t):ff,com:"f) the EOM becomes

N s i

The Par’ricular .Sofuﬁoﬂ I's a/so hafmorlic anol assamecl to be

"‘P(t)= X co» (wt_. qg)\{;‘ it here §X= amplifucle AO][ response

qb-_- Phase. arﬂ}e o} fesPcmse

B)/ su.})sﬁfuﬁnﬂ f}(P(f) irﬂ'o #’@ Eom) we am've. af

X[(k— mwz) o) (wt - ) - cwsin (wt = (P)].—_ F cowt .

cos(wt - )= corut co>¢ +sinat sin ¢>
sin (wt-¢)= sinwl co» QS- Cosust s{nd)

and e?uafinj the coe Hiaem‘s of coswt and sinat on both sides of

B)/ u,sirﬁ The ﬁ’?jonomeh’;c fc,’"aHo?lS 5

the fem/ﬁr\]j Wl‘fm)we obtain

Mmoo+ cwsing -
X [(L’—mwz) 53"95— cw Co)¢\J= 0

m j:oﬂou)"zj f’:ﬂwlf’ S}IOL{,‘S f/ptca,ﬂ A1), x 1) ﬁfm

L N oxf0) FAES

plots o)( the foreing funcﬁm and 0 \“:\ AN

(sfeac! ~stafe) response. L ol \%/
y-state) resp oY b

e T S ——



Folk and alSo Wh=

Consicler X= W/k ‘m

% ( J(requenc % faho)

we can o lof'c:u'n,

Wo[ or x

KM arnpf;)[ucaﬁon facfor of = -—- =
Mucle ratio st

The variations OJ( 55 and (P with the fre?uenc] rafio r and the olampmﬁ

faJn'oé are shown below.

£=100
/
18 i ! { =005 '
=01 i =025
i 24 180° =
) ! = 0.50-] e
|20 ; o 150°-¢=10 _—
o =2
i 1.6 //\?"Fgl - ! |20m§= ?8 —
E ! l g Z=50
s 12 N, fg 0045 2 90— :
——— — — D e S— = U
g 10 = L0 L £ |/ §t L0
g 08 N F=13 s (=05
150 = o
< 0.4 f\\\ = 3.0 30 74 _g 0_05
=5, — <— ¢ = 0.00
0 04 08712 16 20 24 28 32 0 9’5) 1.0 1.5 20 25 3.0
1.0 =00
Frequency ratio: r = a% Frequency ratio: r = wﬁ,,



- . . oy
Total ResPorSe:% com,),efe solution O]( mi+Cx+ka=Feowt s

x ()= %,(t) + %p ()

where .
o,
1, (t)= )(Oe3 ' cm(,h—_g"l w,t - ¢‘)9) > (m%l+c—5¢+k-x=0)
“d
So,

XO (wc! (Po we Je-fe{m]ned by aPbeinﬂ H’;e initic Cﬂnclfﬁo-m:

I.C-s }“7.‘(&0):'-)(? — W };na“y ﬁet
H(t=0)=%

N _H_,__?\\

| 1 ; C\* )
Xo'_' J (éto—Xw ¢>)+L-:J}(8wnio+ﬁo—5wnstd>—wx sin 4)) /

8%"‘0*"10 -anchs¢> ~wXsing
ta"n = ——— !
ﬁ “%{("‘o‘x“”@ i N Verib’!

/'—‘-\____,:\;\I

Qaa]if/ Factor and Bamlw?a“ﬁ: For small values of alampmﬁ (3(0.05),@-3

can tak

" ) l—) C]M!]if 7 facfof
(_ X\ __ " v o @fatr)
851),““ 23 J"_?f - ZS value o } amplifwle

ratio at resonance




on >

Sl

Half-power points

7;6 Pomh R: ancl Riywhere f)?é amP,l'J:f'Cafl'ml fad‘ar fa”s fo —%_,
Qare Ca”é‘c{ haﬁf-f)ower Poinh,. 771:’ c[{;fefence b@fween f)’!é’

frecruEncfi?) aSSoa'mLe([ UJ”I’I HJE half»power Pomh Rl a.ncl RZ;
’, / :
e w, and wz,respecfnfely, is called the bandwidt. 03[ the

Sysfem.
Rl N — baﬂc’w}clfﬁ o} fLe g.jsfem = wz-w,
Rg_ — Lx.:z I/ig
X
To fmcl the values of R, and Ry = _:t_% —

' - ! ‘f.{‘_)& al % %J—“’—g— Jfor;ma" values
G=1- 13+1<§(.+3 J(J -

R ) 9 ?.w
B TR =1 il o )= (R Ry

L W2 \v |42
rf‘_Ri (w'}) I+ j '—L(wq+w1) | > = hn

Wy = =1£§wn - bmeidh? !
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g — W
—_ Z '

:25 o O“"t;‘_"': & - Q/(}uahbf facfor!

T e e

—-Emmp)e: Find the totall respomse of a sing )e-deﬂree-of : JfreeJom
oystem with m=10kg, C=10 N-s/m, k=4000 Nfm , %= 0-Olm,
and 3= O undler the Jollowng corditions:

@An external fbrce F(t)=F, cowt acts on the S/SILem with

= 100N and w=10 rads.
@ Free vibration winQ F(t)=0.

Solution: ' 'nt |
Co>(wd'£— 4%3) + X o (wt - (b)
wan—q?—__%‘l =20 faci/s | ‘*’ol"“".w‘J ' ‘82= 20 1 (0.05)"

f-—C - 20,05 | w=19-975 radfs
fm 2 J4000x10

@ (We know that ‘X(t):XOG

_}_’_,: _'_C.EQ— = 0,025 m
Kk 4ooo

r: E-U-l' = -—-,-0—-:.0.
wn 20 g

S, . |
t - 0.025 - 0.033%m

X =
J(i- rz)g-(lr(p?‘ J(T-— 0.52)24- (2x0.5# 0.05)1

¢= tan"(?:"_"'_o_?lgﬁ) _ 3940
| ~0.5

Xo (‘Nl¢ ae Jfounal jfom m;liaﬂ Coﬂozl‘{'mm,___) Xo=0.013297n
) (Vtrih!) %:5.5367650




o -0.05(10)t . s
So, A(t)=0.04329z¢ Cos (16.3751- 5.5%745°) +0.03326 cos (10t - 3.5141")

) We know that a(t)- Xoe—(jw”tcw(wdt-q)o)

J - 0.05
Wn=20 facl/s

w)=19.975 rod/.
XO ard ﬁ e J(;:’““O( f""m ""if:'a.ﬂ Cono[iﬁtms. — ey 5 ko= 0.01001 m

(ven'ff ',) ¢o = -0.9659%4

) -0.05(%0)t . o
So, «(t)=0.01000 ¢ ) co) (:&975“2.%59?4)

/——-\____%/\_—/

% Response o} a Dampecl System Under the Harmenic Motion of the Base

Assume the base or Saf)Por’t o{ the sfri{lﬁ..mass—danvaef s)/s7tc°-m umlerjoe')

harmonic motion, as shown. Let y(t) dencte the a[;'spface‘me‘M of the base
and x(t) the cfl'splacemenf of the may ffam s static exiu:'}ibfium Posb‘im"

af ﬁme't.’ Then the =
r. " . +x o il n)
net elmgahcm ofﬂqe s pring __l -~ ] _I (motio
. 1 l,f - m | N m&.
is Ay and the relative ! l 1 |
Vt_’/oc:if}/ Le?lween h[ré f wo EMIS "é te=le +I:?) = ¥ sin wt kx=y) e(x- )
s L

of the anpef 5 ‘)(-y
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S S

Fom FBD — (mi +c(i-))+k(x-y)=03} = EON

If y(t)= Yeinat = ma+0x+ka = c}+l<y= KYsinwt + € Yw coswt

mA+CH+ KA = Asin (wt—o()

T i de)

& T A=Yk ew)!
This shows that 3:"\")@ excitation Va
to the base is e?uh/a}en* to S

OIPP’/VH a harmonic for{EOﬁ e i

Reminder: For mi+ ci+ ka= F,cout — ‘WP(f)= X cos (wt _¢))

where
(. T
Q ‘\m— mu.?“)2+ (e)*
A cw
\&\\/ ‘#: e ( k-ma? )
¥

For moi+Cx+ka= ka’i—(cw) sin(wt—ta”—'[’%])

YK {ew)
\/ ( k—mwz)l-f- (Cw') :

-xP(t) =

. 5in (wt-d)l -o()
3

-l [ CcW
9= tan ( i<~mwi>




So,we may write @M, where

@mw: .Y ) i
)’ o ]-c—-muf)+ (.w) (I—r1)1+ (25'_)1

and N
¢__ taﬂ—'[ m(;u.,'3 ] _ m—')j ZérB \\ Note: = —":;—_n
k(k-ma?) + (ce)” 1+ (4§ - ) r"] _

-

'IFe \/aria’riom of ;X— =‘I;[ anol(i) e s}ﬂown be'jou.‘ }or cliJ(fefenf\/alues

of rcmolg.

[#]

£= 0~y

6 . 180°
" ¢ = 0.05 { 005y
ol — o0
= =0
% 4 i % o135
7 o
g (=025 2 /‘I—Tlo
E | S {=1L
E 2 =10 = 45 ‘—__‘/)—
g =050 £=1.0 | =005
-g' 0 1 V2 2 3 4 0 =07 > 3

w (=005

Frequency ratio: r = ;-

Frequency ratio: r w%

——— ——

Force Transmitted s Tn the spn?g-ma%—o[amper system wrdler the hatmonic
motiom of the fpme}a force F s ffansmiﬂﬂl to the base or
supporf due to the reactions frem the sPrfnﬂ and the
o[m}npot. This force can be determined  as:

= k(x=y)+C(n=y)= —mx



, oy
(wt— d?)-—zr Frie meX5in (u)t-‘ ¢)= FT 5m(wt-¢)
T (hew?)
am [fuo[e or maxfmum value
of the force frammi#éd fo

Bf Co nsiclfrmj ‘)(P(t) = Xas'm

}orc e
fraﬂsmissib il IL/

The variation of the }:or(e hansmiffecl to the base with the f requency
tatio r is shown below ][W A;J)Cefe“f values O} 23

(Base motion)

.Fl
kY




Relafive Motion: If z=9-y denotes the motion o)( the may relative

to the base, the EOM can be rewriften as:

e L L 2
— MZ+C2Z+ kZ =*-m/= mo’ YSI.HUI

-

mal + C(i—})-f- l«(w—-y): 0 }
where y(t)= Ysinwt

- = _—

/ Eom
2 1
The sfeacl/-sfafe solubiom 0]( f}]e EOM 15 awen ife

Z(f,')—- mu! YSm(wt (ib) _ 7
\/(k mw)-]- Cu)
in which

n(wt- Qb)

Z - mwzy rz

(k .2)’1 2'=y 1L 2 (r=%1)
-m) 4 (cw) J(,_r)»r(z;f)

and

cw - 2(§r
Cb tan '(k e’ )’t‘m ( l-ri)
The ratio Z s shown 3raf3hicau}’ belows- The varichor OJ 4)'

with ranvl(g s also shown below-

(=00
7 T —T—Tr—
= ¢ = 0.00 {=10-05_[ {=025
- 6 180° :
2 {= 0.50 -
25 & 150FE=10 =
E {=010 & {=120 1
2 4 - % 1207 = 505>
2 (=015 E (=50
N2 bos Iy shEn
L= U = -
9 { [ B 60° A gilo
{=0.50 / — =05
1 30° WA —¢ = 0.25
— = 0.05
1 {=1.00 +—{ = 0,00
0 05 1.0 1.5 20 25 30 35 40 1.0 1.5 20 25 30
s’ 0.0 —/’

' ’=5§ w

—— e Frequency ratio: r = z;-
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—Examp)e: TITG {o”owinﬂ jnﬂuﬂ:’ s}mwe) a 5:m,:s)e moc[e[ ofa m::f’or

ohicle that can vibiade in the vertical directiom while fraveling
over a )’cu(x})’) road. The vehicle has a moass o} 1900 kgy. The
suspension s/s‘rern has a sph'n_c) Constant of 400 kN/m and o
demping  ratio of J =0.5. If the vehicle gPeerJ is 10 km/hr,
determine the disP/acemenf amlo}f/uole o{ the vehicle. The sl
surfoce varies sinusdally with an cmplitude of ¥=0.05 m

and a wave’enﬁfg o{ 6 m.

([ m=1200 kg
v k=400 kN/m
5:&5
V=20 km/hr
)= 0.05m
‘(t”_ - wavelengrf =bm
i1,
i) k c
Lo L apfwre o
vV
Selation: 2l oo oghrc
Frequency of base excitation: w=27rf= 90 (H%Q _'g '"s

W=5.51778 rod/,

Na}umﬁfrecfaenc)/ of vc’}'lidf.’: Wy= -B— = 400"'03__ |$ 2574
m oo T
odfec

W _ 5.81778 |
- = ~0.31%653
“Wn 18,9574 L

f‘?a?uengx vatio : I=



DiSP,acemenf amPJihAe Of the wehile: X=Y 1+ (2501
B (- @j)t £
5-cm bump in the
road is franwiﬂfecl
asa 5.5-cm bum

to the chassis an
the passengers of the

X= 0.055'042_3\_ (Vefff/ !)

T

— Examp)e: A heaV/ machine,weiﬁ}n}n(j 3000 N, 15 supporfeo‘ on a resifrent

founclaﬂon.m static alc’ﬂecﬁo-m %) J( wa ][ounc[aﬁcm c[ueto fhe
weEgH of fAe mac}ﬁne 15 fo:mol to be 25 em. It obsefvm‘

ot the mochine vibrales with an amplitude of 2cm
hen the base of the Jourdaton i subjected to haimoni
oscillation at the ndamped neturall iequency of e
sylem with an anpliude of 0.25 cm. Find

@ the damping comstant of the fowqdaﬁm

©) the dynamic force am}J/iJrao[e on the base, and

@ the anpliude of the diplacement of the machine relahve fo

the bee.
W= 3000N
dg=F.5cm 5 il
X=1 cm - \ﬁmg
Y= 0.25¢cm Z=%

wzwn—b f:'-i

So,dﬁtm: next Page



Hé

k=W _ 3990 _ 4poc0 N/m
® 3t 0.075

For =1—>5—= '+(2CD2——>9—°-C—)—’-= = '+(2 )L |
: 7 (15)2 0.0015 A \/ (2;)2 -,S=o.|zg|

C=fCe=f2Vkm 01291525 J4oz00 308" _, c=903.0519 Nos.

® For r-1 — F=kY "%}'%t =kX =40000x0.01= 400 N

i

—_

(verff)’.')

@ FO( f:i —> Z=-Z-=‘ 0.0025 = 0.00ﬂégm
23 1x0.1291

Note: Z # X-Y = This is due to #19 qua)t? ol{ﬁerences
between W,)/) arm( Z.

TS, Py S S

- Forced Motion wifk thefT;-lPt’i 05 DamPI‘na

Viscous c[ampfna is the sfmfnlesf }orm o)( a(ampfﬂa to use in
Prach’ce, since it )eao/s to linear Gc}uaﬁoﬂ" o J motion. Tn the
coses @[ oﬂwjfofms o} JMPI'@, e.g. Coulomb, k/shzreﬁc, efe.,

equ?valenf’ vismw—c‘wnpina Coleic:enfa are JeffneJ in order to

s]mP’fJ[)/ ‘f)lé aﬂal)/sis.



—Enerﬂy Di'ssipafecj in Viscous DamPiric]: In a viscws'/—clampecl
| ' system the rate of C}\a.ﬂje oJf
Viscous cfam;;iﬂi foffe is ogz:}i’wfzj( enerqy wi#u Hme (AW/(H) 15 85\/9!1 ’7:
FoLcv velocity

dw T . L \A
—J? =force X ve/oc:f)/-—- Fv = —CV:'C(%%')

The n95a+:'ve sgn dernofes that enerqy ol:ss:f)afﬂ w.ﬁ» Eme.

/-]ssame a s;mpje hafmomc mo)Lioﬂ as ‘x(f)=x‘57nwdt _n)—e

ene(ﬂy GI!SSIPGILEJ n a Cbmp)efe C)«c/e Is gfvc’ﬂ 19)/

(i'ﬂ‘/wA) . g Oy ; . x
AW:J' C (ﬁ) At’:JOCXcudCO)witcCl(wdt) = WCO{{

So, AW= wewX

—

2

/ ) /
— As an examP}e, consider a ’quao(faﬁc or 'velocif/_ s?uamo[ o[a.mp;rg with
a damping force:
W2 a: Ccmﬁan?"
Ei"‘ ta (%) where {5“ relatve ueioci%y across the Ja.mpvr
negaﬁve (positve) si{jn must be used when % 1 Po)ih‘ve(n;thve)

The energy a(:'ssipaffcl per cyde Jurfnj harmonic motion %(t) =Xsinwt s (jfven l:y:
X WL . 3
AW = ?_J a("i)ig;tex = lan awACo)B’wt A(wt) - g wza X
- - 3

The Efrmva’enf v,‘gcaur)-cdam}ainj Co¢ ﬂ}aenf (C"‘f) Co st)oﬂolmﬂ fo (faao{raffc
O’amP;nﬂ can be c)le+€fmin€cl b}/ ecfuabnﬁ —%_wj& X3 to ”16 enefg)/



H7
o[issiparlecj In an E‘ffﬂf'xfd,éﬂ‘f VIS cous olamper,é.ct_

¥ L7, N P

Tt i noted that Ceq is not o comstant but varies with w and X.
The amphhzote o)( the sfeaol/-sjrafe fesponse can be {wﬂc[ f:’om:

5 C,
X' ost wheie Fa 22, aﬂo[ (S = _if: Ceq

J0- (decrr)z' o e S
_ | 2,2 q 2 F
50, we can conclude that ) gL j-“_; +ﬁ_r2) +(8ar SSt) .

8ar9‘ 44 3mm

Please J[-ind the tlmphf'ucfe at resonance!






Chaner‘f: Vibration Under Genernl Forcinﬁ Conditions 43

* Infmol.ucﬁo-n

77;;1.. c}?apfer Covers ﬁ!ye v’iLfaHaﬂ f€>Pan)€ ofa sirg’e-clearee-oj-{reGJOm

system wunder arbitrary forcing conditions. Many Prachcaﬂ systems aue
sub J‘ecfeal to severad bypes of forcing jlwcﬁ?ms Hat are not harmonic.
The generall forcing funchow  may be periodic or nenpericdic. The
nonperioafic }brm mclude forcm such @ a Sctflclerr’)m aPPJieol Constant
-Jforce (callgg/ a 'sfe/; force'), a /:hear//-:'ncrewinj férae (Ca”ecl a 'ram/) fon’e’))
and an e;ponef,ﬁal// vai /ing ﬁar(eu A non})w}oa[/’c fofc‘mj may be
ac#nj _-)for’ a short, /crrg., or Enﬁnh‘e duradion. An Qm,mla)e o](
general forcing fwzcﬁ'on is the 5:’0&:’!0! vibredi on o]( a bui/c{ir}ﬂ frame
Olun'rﬂ an ear%cfuale.
It is noted that in jon;ea{ vibraien, the E**“"'“”)’*“PP"‘"J f"’fe or
displacement excitation may be harmonic (a[fscwseo( n Cha;ofer 3),
ronharmonic but periodic, nomperiedic , or random in nafure. Harmonic
mobon is @ particuler 1ype of pericdlic moten. tJe may thnk of
harmonic mobon as a per/bc{f‘c moben that s /@P/e’seﬂfeoz 5/ sine
and covine fu,nc fioms. Howerer, the external Loaol:rg may be pen'ocljc
bat not harmonic. In such a case, there exshs a j;‘n)}e peu'oa[ 0}(



+ime aﬁer which 7‘}1@ wav%rm is not /epresenfaue }'3),- Q smﬂ/e sine or

Co)ine, a Fow!&r seriey can YEPfesenf suc)v PC’Hbc:(Jt fmc}f{ms in

ferms of sammafnm ot an inﬁn{fg ﬂumber 0)[5;17& aﬂO( C0>INES,
In the fcﬂowmﬂ ffgwé’, a Pen’odﬁc but not harmenic J(uncft-'m
is shown. This case ,j.é. Pen’oc[:t but not harmonic Zoao(mﬂ, will be

duscussec! n f}ﬁs C‘Ilalt)ltef..

Fina

+

Period

Periodic but not Jvafmom'c funcfion

e — P

-X—P&Ponse Under o Genefa,Q Perioclic Force
(Jhen an exfemaa Jﬁorce F(t) 1 pe’fi‘orltlc with perioc( Z 2w, it can

loe QxPanc[eJ n @ Fouriey series : .
o0 o0 oya %JF(f)CO>jwtolt
-0 gptjeojet o L bjenjel here )7 ilg g,
g=! g
bj= %[ Fisinutlt
(&)

i=1,2,...



' : f it and Senmcl—orcler' A9
In f}n's ijl)}?r, we Cons:c[ef 1’)18 r’é)))oﬂSc’S o-{ s

systers under je,,emﬁ periocbe Jorces. First- order szsfems a{e.f}w)e
for which the €om is a first-order A;ffe@haﬂ equation, ard similarly,
second-oider systems ave hose for which the EOM s a second ~orler
differental - eqeaton,

| :plING = ( er 5 ?’
First - Order Systems: Consicler the jollow.-n_g spring Jam’a r 5ystem
sub J(«cfecl te a Pwioo/ic excitation. The £0M

Rigid bar
(no mass)

Of the S/Sfem Js gwen b/:

where

y(b): Periocl{c motion (or excifaﬁcm) im par fea(
to the S/sfem at point A.

Rigid bar 5
(no mass)

(4
cx+ kx= k}{,)

If the Penocl:t cﬁ‘s[::]acemc&ni’ at Pom‘ ﬂ,y(t),};e.rpmecl
in Fouier seres, the EoM off)xe S/sfem can be

€ XPI’E’S&E‘C[ as:

T e

B £ i o i
@ ay= e 2 Ajsmegt By |
AR R R

where



As seen, the fgkf-hancl side of the EOM is a constant plos a lnear
sumof hamonc (soe avdl come) unchin. Using the il of
supespostion, the steady. state solufion of the EoM can be fourd by
sunming. the steady-state  sdutons conesporcling to the indhviclal
Jorcng teins on the right-hand side of the equaten. Se,

r@ Ao+ A%y = Ay, (Note: Ap 15 used fbfg() —> Solubion: xo(t)= fig

@ 9-8._'_6193-: /]ds-;nw(jt ey Sr'eclc[)(-s)‘afe 50’(175@11: ?g(ﬂ= dem(ugt-(%)

where

Ai -1
[ = 5 '=t0.n _.d.
xa W : % (a )
@ 5id'+ Cl‘i(a' = %Com‘d‘t — STL&LJ/—sfafe solution: ’Xd (t)= YJCOJWJ'L-‘C%‘)

where .
\ Y= s P:f ¢ =tan (-)

We Com/s’efé sfeac()/-sfajre (of Parh'cu‘af) So'allum of f}u& EFoM can be Ex})re»et‘las:
ho, 5 Mg ; } = ?wt for”| dj
t)= -2 injw;t- tan” )
) ~ +J; r_—raiwg sin ) é_ a+u.. 4

Tre ool soluton of the E0M 1 goen by x(0)=%0) +7p(0).

711?3 homc:jeneow So/uﬁaw Gwn be expfesse‘cl as: -xh(t)-.—. Ce-at where C
is an unknown constant fo be c[e’EfmmeJ using I.C.s.



50
So, At)= Ceat ﬁ%Zdem d d)*%"“(‘“f ¢d)

IJ[ a(t=0)=% - C-= "o‘—+ Zxds""% &,%.

Fma“,v) Hwe fofaﬂ solshon 0)( ﬁ‘f EoM of f}ze ﬁrsf—orc[ef S)’Sh:'im IS¢

x()= |« __+Z§jsmd-2>’w¢]e + +21X jsinfeojt- ¢)+J__2;>5ccs(ugr_%)

_.Emm}o?e: Determne the respomse ofq spf’fzvg-o[ampcr system coith

the EOM: KA bBX =T 5445 ot 35054, Assume #(t=0) =0,

Solubions Consider +the EOM: o +1.Bo=Z.5 +4.5 st +3sinBt
We st meo( H)e So}uhcm of H]e Ai}fet’enhﬁo e(i-wh\dﬂ

B/v Consialeh}’tﬂ one jérang h?fm af'a hme ﬂiven.on 'f)WC
rng-hch side o f the Eom, ard then aolclinj the scldions

to ﬁnd flvé vlofa.ﬂ soludon oj;‘)lae Eon.

7.5
O?‘-'i" 5‘){ ; 5 —*Sciu.hcm 3(_({7)2 ’___é=5
@ 9(+|-5")( =""-5C’(‘)t — fDC‘}u‘h(m . ‘X(I‘,') . YC’O)(t“— ¢)

where
A 4.5
. \)l 5 +| 01
¢= tar™(12) = 0.5550
@ oA+ B = 35m5t - Sc)u.ﬁcn X(f) XS'”(Bt ¢)

here
;(J, 3-0 05747

¢ = u:f*{s'};l 5)=l- 1793 racl

=2.49¢1




s0, %(t)=5+2.49% ot 0.5850)+ 0.5747 sin(5 - 1.2793)

The forcmﬂ ﬁmchm given Jo)/ the rg,?f’—}?(wol _side expressm in EOM
and the s}eaol/—ssze respome Oj[f)’f’ 5)“*‘””? x(t), e shown
graphially n the Jollowing figue. The fust tuwe ferm of the respome
(gven by the fk o ferms o the ,5m_1ml-smlf of %(t)) ar alse

shown In H\e )(}'awe.

10

? b Forcing function a-

9 1 '
H I I |
8 H First two terms ;3§ & All three
i1 i A" terms of x(1)
7 i
6
5 -
4 _
3 i !
2 v
0 | ¥ | 1 ¥ 1 | ]
0 2 6 8 10 12 14 16
’\N-G\—_D"\___,

SEConoz—Oro(er Sysi‘emsz Consicler H}é follew,'nj sPnhj-mass-JamPer
system subjec ted to a Pe‘ff"od"c J(orce. This
is o second -order system because the
governing ec,-uaﬁim Is A second -order
cﬂﬂerenﬁa.ﬂ eci.aaﬁ'm:

mi+ ck+ kx= ) mi+0ﬁm

£




If the forcing fuaction f() is periocic, it @ be expressed 1 5|

Fourier series so that the e(f-uahow o]f motion becomes:

IESR ,H_,__‘__/_/_/—’T_\
mf;('+C"7.t+)‘<‘)(= F(t)=%+%aa'(o)awt+; a‘—’ ;ah

—

The r.ghf-hcmcl sile OJ[ the Eomgis a constant P}us a sum of
heumenic _-Fu.nch’m:s. Usinj the Pn'ncjp)e of superposiﬁ'on, er sfeaaly_
shde soltion is the sum of the slealy-shate solutions of the

fc'llow;ng eq.uaﬁbm:

o . _ _ Ao
@ m9t+C"X.+|<‘x= %0 — 50’!.(*;011: "MP(t)= .é..k

G afjut-o,
(- + (254 )

@ mx +C9'( + ,-(-)L: basin(ju:t — Solah'o'n: Q(P(t‘) = (bj/k) - -wt -¢-
(AT

@ M+ CA+ K= qd- cosa' wt - soluhon: ?tP('t)=

The complete  steady- state solution oJ[ the EOM s 3u'ven b/ :

woft) % i‘i (aj/k) aNL s (bi/K)
P o (wt-9: )+ .
T - g0 ) ?‘* V(-5 2§50"

sin(jwf- f%)
The transient part 0}- the total solufiomn arising ffom the intial condikons




can abso be included to find the total  solubon. To find the
total  solehen, we need to evaluate the arbitary constants

by seng e valve of the toted  sclibion andl its derivative
equal to the speafied values of inihal olsplacement a(t-0)=a,
ad the intal velocity d(t-0)=%,

" T

—Example: (Total Response Under Harmonic Base Excitation)

Fiad the f'afa.ﬂ response o)[a stcow’)/- o[amPcJ SDOF
system 5a}2jecfeal to a harmenic base excitafion jbr the

Jo’lowinﬁ dota: m=10 Kg, €=20 N.sfm, k=4000 N/m,

yt)= 0.05 sin5L m, %y=0.0Zm, and Ap= 10 mfs.

Solution: The EOM of the sysfem I8 3iven b/:
m~52+C<5(+kat=ky+ C']:k)’sinwt+cwyc-‘>,wf (why?)
This eq-udio; s similar to the fo”owinﬂ e’efuahcm;
mics i ks 2 4 jfa orjut + ; by st

with a,=0, ay=cwY, b =kY, and ay= 'b‘j“=0 -cfj:"L,&,...

So, H?e S'}éacly—'af'ai'é’ res)some oj: f),e 5)/5"6114 I5:

- J(n-r:‘)i;(zjr)f[glf cofut =)+ g i (wt—(p')] (W)



| : KL
(Je can J[mo{ *)\ejcllow;nj:

Y- 0.05m, w=5rnad/s, “’“‘J"" \jquoooo -0 rodfs

5 c_¢C 20
— O- 25, = - = = 0 05
Wn 20 Ce ZJm 2 \Hocox10

W)= W, Ihé% 19.975 rad/s

Q=Cwls 20x5x0.05=5, b=KY=4000x0.05= 200

¢,=fan"(_,2_<§i> 0.0264¢ rd , V-4 (24r)" = 0.937833
= e

The homgﬁenéom solution js:

et -
“xh(t)= Xoeg ’ Co)(wdt-. 4)0>= er tCo)(lﬂ-f)75t—%)

The ‘fofaﬂ 50};,111;'071 15: 91&)=7fh(t)+”‘p(f)p

x(t)= X €& cv>(15375t ¢) e ‘,mo' (5t- ¢)*f§§os‘" 5*‘4%)}

o
«A(t)= X, e @,(Ja.ﬂ'zst = 430 >* 0.001333 cos (5¢- 0, 02666)+ 0.0533)4 s (5¢ - o.ozeé_e)

In H)Ii QL}MH*[CV) xO QJIC{ ¢O can Bfﬁu_ﬂd ]g'cm T}’lé I‘mh.a_ﬂ (’ongl,hdﬂ):
=0.02m X,= 0.958695 L)
C.- . verify!
" Sg M= 10 mps {%::.529633 (verify!)

Thus, the totall response o f the mass under base excitation,in mefers, s

H(t)= 0455695 ta» (m 95t -1.5296 sa) +0.001333 cos (5t - 0.0264 6) +
0.0533H sin (5t~ 0.02644)




The totadl response of the visa:wa)y— e’.a.m})ﬂ:[ 5/5}"3’" 5“bj ect fo harmonic
bae excitahon s P)oh‘ecl n the fo”ow-n_3~

0.5 - ] : : ‘ : ] : :

0.4
0.3
0.2 K

0.1 H

x(1)

O_

=01

-02

=03 |

= | | | | | | | | I
0.4 L

-X-Ré'sponse Una!er a Penbclic Force O]r Iffejuhf Form

orce aC‘hhj on a s‘/s*em may he q.aife irrej'.x'ar :

In some caves, the |
sl may be determinecl enly experimentally. Examples of such forces
inclide wind and earﬂqque—imluceol forces. In such cases, the
forces il be available n 8raph;caﬁ fo/m anil no anal)fh‘caﬂ eX[DY(’SS]bﬂ
can be Jound to descibe F(t)- Sometmes, the value of F(t) may be
wailable only at @ number of dicele ponts tyt,. by Inall these



cases, it s posible to find the Fouwrier coefficients by using o B3
—— mf@ra};}m Proceolwe. I Ry Ry derofe the values oJ[

F) ol byt respectively, where N olenofes an even number of
equiditart ponts i one hime period T(¥-NAL), as shown belous

the app’fca}/bn of ﬁa})ezodad rule gies:

Ar)

7 ~
I Mo
At AtiAriFy T T i / A
{EIED ! N
o ,t N«» ; ke
,: ‘Ir Is FN* [y Fd N 27 !
N I Y
b ’ FN“\ l’ \
ehs L -

T = NA

G 5
—N-fi:lFi
N 259t
. 2 _ AYTL
Gy G d=b%
by 2 Fooin 4l ),2
N T

Once H’:e Fourier Coefﬁc:eﬂjrs ao,ad,bd‘ e known) Hn‘:’ 51‘8%1)/-5422)%
fesPonse Of H"IE‘ Sysltem can be founcl usinﬁ H'lt’ JO”OM:B equafimn.
(Note: r= Q'Ir/an)

2 (45/k) = (bj/k)
A (f)- Z -, 0y(Jut ~ Z / — sin( 4wt -
i d=' V(i a‘r?') ZJJr) 0 (It) J=! ra“) +[2fj ) (gt 4))

e N e T o e R,



¥ ResPonse Under a Nonperioolfc Force

Periedic ](orws o)( any 3enera17 wave)(;arm can be re})resenfecl IO)’ Fourier
seres a5 A Suf)erf)o)ihmﬂ oJ( harmenic Com Ponenh o)( variow )ffﬁf,agla'e_s,
The fespomse oj a lnear :;)/5kem is then Jﬁﬁumcl L‘/ super posing the harmonic
response 1o coch o)( ng exdﬁnﬂ forcw. (When the exc?ﬂrg fofcp F([;) Is
nonperiodic, such as that due to the blast )(fom an explowion, o A:ﬁéfmf
method 0/ Ca}m}aﬁy the respomse is recraifeal. Variow methods can be

wsed ﬁjﬁml e iespue. ”’ﬁ the 5‘)/5+€m 0 an arb{ffaf)/ excitation.
Some o-f the methods are o j;}}gwg,:

(). RePrewnhrg Hle excitaton Ly a Fourier Fnk?jmg.
i Us};y T*e‘ mei’}\ocl of Conv’o)aﬂon inff’jfaj,

I

i, 1 Usir_:j f)ae me#vocl of La/:»lace s forms.

\’-L Numericall/ inf{ﬁfaﬁhj the ecptaﬁbm af mofion (nu‘:ﬁi?n‘aad solutum "f
d ﬂw@n fial éc}x-uh'am)a

We will oliscuss method 2 i the jéllow;hﬁ section.
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¥ Convoletien In kgmﬁ

A nonperioolr'c excih'nj jofus usua)l)/ has a magnifaie thed varies w.‘f’n
time; it acts )(br a sPéafieci Pen'oal ard then sjroPS. The sf'm’ajesf

fofm s the IFmPu'sNe J[r‘arce: a fora’ that hos a }arﬁe magmfucle =

and acts j(ora very short time NE. T mpuke can be measwed by
finding the change it cawes in mementun of the system. If %, nd 5,
denote the velocihies of the mass m' before and after the appleation
of the impulse , we have

ImPuIse = FAL= mvil—mét,

3 y de>;5naﬁng the ma,gm'fua(e o{ fJue fm})u}se FAt E)/ F, we can write

A tAL Note: Tmpulse s the time in h@graﬂ o ,[ the J orce, and
Fo| Ft — we clesianufe it by the notation F
t
A wnit mpulse acting at £=0 (F) » defined 0>
A be it 1t shoald be notedd that in order for Flt o
}= Oim ] Fdt =Fdt=1 = e a finife value, F tends to inﬁnff/ (Since
At-»0 t odt tends to Zefo).

A

The unit ;'mpu,se,f=i,ac7‘1n3 at =0, s also denoted )3/ the ID;,»QC delta

/
_{W?Cﬁam as



f-fs®-5¢)
o 0( qu irﬂP u/s 0 Of m;gmhule F ,acﬁnﬂ at t=0, s c{enofeo‘f @
F-Fs(t)

Additienal  Explanation

o We )(requenH/ encounter a ]rorce of very /arﬂe mcgm'fucie that acts
for a very short fime but with a fime mf.?(jraﬂ that /s jm;fe such

i « o
force» are called '/mpu/swe.

° Im)oufse s the tme fnfeccjr’a.ﬁ 0}74}6 jOYCE’-? ﬁ:[F(t)ou'
o (Jhen E Is eclma,ﬂ to wlify, such « bece m +he "m"h'iﬂ cae At —0
is Ca”eal the ‘wait ;'mPulse' or the "delta J.u.nd'lan'.

A

o The uaif :mPulse)J(, ac,"mj at i‘=O, is also olenoh—‘o( l))/ ﬂve ’Dirac
cle}fa Ju_n(,ho—y:: S(f) The Dirac delta ﬁmcﬂm at tme t=7,

cﬂenofed’ Qs S('(;_Z)) hay H?E jo//owl.'nj Pﬂw})@fﬁés:

56-0)=0 for tat; = 3e-0=” s

.0

| sE-2)dt-1.0

0

[ Ste-0)rodt-F(2)

where 0<7 <o . Thas, an impulse of magmfuc(e ﬁ) acbhg af time

O otheruise

Further in ﬁl’ m a'h_tm /018 SCr) I)'hoﬂ IS Pf (@ W‘Cl&[
at 1 end C’]( ﬁ; e lectwe notes. (See prenalf’d-)

t=2, can be denoted a F@) = F?S(t- '().
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— Response to an Impulse:

We consider the fesponse o f a SDOF system to an Impu’se excitation.
Consic[er a wSCow’/—CdamPec[ 5P"'”j nass S)tsfem sabjecf&’a( ILO a aﬂtf
impulse at f:O,a) s};own below:

For an uﬂdefalamlaeA s/sfem, the

A
solution ojr'l,e EOM - Fl
B Sir’en b)/ oll__ ‘

A(t)=€ 3‘“ (‘X CO)wAt+*°+(§w oS'““‘J)

1:{ Hwe mass is at rest jpejfore qu wnit ;'mPu,sg i aPPL'E'o( (~7(=9.(=O jor

t<0 or af 1‘::0_)) we can w(,"‘e:

Y

A B - t'-_-OA-;- _0
Tnpibe = -1= mi-0) i)y —» 20, 1Co b1 "
A(T=0 =9{o=_’;‘_

|
<
w,t
Y c)((t) g(t)- m = response ofa SDOFsyﬂLcm to a umf:m’au)se,
d
A1) = (1)

- which is also known a> thu}se response )lunchcm,

e denoted b)/ g(t).TFé‘ fuﬂcﬁm 3({: 1s shown
. \/\h""?\-u- here.




If the ma(jnifuc[e of T}re l'mpulsc IS "5 ns fearl of unibr, ﬂ\en ini Haﬁ
Ve’oa’f/ 9'( -l%/m a.no( H\e r’e;Pcmse o-j: Hye S)Afem Be(ome;:

A -Su b
x(t)- F‘?ém (why?)

chl

IJ( the :m/m]se '2 I5 apphéal at an ar):);’rfaf)/ time f:‘t)m sliscn bt’)owj
it will c)ﬁanﬂe the Vejoaf/ at t=T b)/a.n amount lg/m F\ssummg

that %=0 untl the imPa|se is

H(1)

‘lPP)iec‘, the (:‘J3P|acemen1’ %' at T ________ 1}/ FAr=F

any Subsarueni' b‘me,‘t‘; Cawec.l o -
by a C}’a’ﬂ" in the vgloa'}/ at “ |

f@z;- 1 bH'l JDM‘ ' Fe(t -

im 15 gve )r EQ 0 _ ‘/\/ it
mentioned equaﬁan with 't 0 + Uf\/\’
ref)}aceot b J/ 7LJ’“? fime eja}’fél |

fer th Jeation of1h
ajfer eappf 1on Of € 0&(\
:mpulse e. t-7. So, we gét: 20

v CON (2 T
(t = J >5mw4 t-7) = F@ (t- 2‘3

ma,y

f—‘\_f____\_r/\/
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—-Exam,o)e: In the vibradion feshhj o ][ a shuclure, an impacf hammer
wif)v a Zoacj cg[[ te measure 7"}19 impé“C'TL J[orce 15 useal

lo cause emiz‘a"fm,m S)’IOLQA. ﬂ>5aminj m=5l<5, |<=“2.OOON/m3
c=10 N-s/m | and ﬁ: 20 N-s) finol fLe fé;})onse ojﬂe sysfem.

Lo:i.lcle]l |->1(l)
H(r)

e MMM

Impact
hammer k
2

F(r)
V777777 TI7IT7

0

==

So}uhm W= F J'm Ofacl/

8__:. I0___ - 0.05
“ lmwn 2(5)(20)

wdzwn l—& =19.9%5 faA/S

Assummj that the fmpad‘ Is aiVen at T:O; weﬁno{
ﬂve fPSPO‘nSt’ of H,e s)/s fem as:

A - ‘c'.dnt
x(t)=F _(?_3__ smu..;lt

may
90 -005(20)t
A () =—

%,(t) =0.20025 e-tsin 19.975t m

e W e W S



_ Exa.m[)le‘: In man y cases, Pfoviclahfj onI\/ one :'mpa(f[ io f)u- stfquu‘L-IE |
usig an impact hammer i i fficult. Sometimes a seconc
mpact takes place after the Jirst, as shown belocs, andl
the ,,sz»hea( farce) F(t), can be expmsefl as:

F(B)= R S()+F; S(t-1)

where §() is the Dirac clelta {unction and in:licafesl\fhe
tine between the to impach of magatudes K and .
For a stuctue with m=5)<3, k=2000 N/m, c=10 Nesjm,
and F(t)= QOS(t)HOS(t-O.i) N, jina[ #e fesponse o](f]-}e

Si’fuc hue 8
e -
— IO s I h"ht _
ha:;:r;er zﬁ % A I ”
‘Lr 7J7777 777777 . 1

Solution: w,= 20 racl/s "
reviows example!
J =0.05 P I

W= 19.975 radfs
The response clue to fAeimP’u)e f%S(f) Is gren !:))/

. N l
%(t)= O-iOOZ5e*tsin 19.975t m - previow e;aml:le_
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The (esponse Jue. to the impu’se f%S('t—O.Z) can be Jfouﬂ(,t

A -—(30.)” (= ‘Z)

Aplt)= 2 siaw,(t-£)

muwj “

~0.05(20)(t-0.2) . )
%y (D)= IOx € sinl9.975 (t-0.1)

5x19.975

xot)= 0100125 EE-02) 19 9 75 (¢ -01) t>o0.2

Usug the >aPcho>n5<m off);e two responses %;[t)"f'cl‘)‘za)p

the respomse olue to twe émpacﬂ, n melers can be ex,:re»eJ as:

0.20025 & Einl9.9751  0<£< 0.2 '

o.‘lwzse_tslnlﬂ.ﬂﬁi‘+0‘l00125e"(t—o.i)smlﬂ.ﬂg(i'-O.i.) t>o.

/
—

“The gralahs oj( thes? @cfaafiom is shown below:

0.2

I I | I | | 1 i 1

0.15

Solid Line = %,(t) —> single impact |
Dashecl line — % (t)-> double impact

0.1

0.05

=0.05

=0.1

—0.15

—-02 1 | | | | |




- Response to a Genemﬂ Forcin(c_j Condiﬁon:

Here we consider the response o)( the sys}em wnder an arb}har)/

external forc‘e F(t)> shown below. This force may be assumed to
be made up of QA sefiey o} imPu‘ses OJ( ./ar/ma magna‘fucle.

1203]

Assuming that af time 2, the Jore F(T) acls on the system

][or a short Pen’oc! 03( time IA’C’, the imPu’se acﬁnj at t=7
is given b'/ ‘Floar. At any hme ‘t', the e)aPseo( time since
the :'m/aulse is’i'—'cl) s0 the resFo-nSe o)()‘ke ss/sfem at ’t.’ clue
to this impube alone is gven by

Nx(t)= AR)AT g(t-) (Nete: F= FOAZ)

The total fesponse at time ¥ can be fbwtc( b)/ summing all 1;179

es ponses due to ﬂ]e e/emenfaf/ impu!se) acﬁhj at all times '

A= 2_ Fo)gkt-r)Ae



5%
Leﬂf‘né AT —0 and rep)acinﬂ the summation b ) mfc’afaﬁm , we get

L\ -dwalt-®) .
A(t) = j F()g(t- 0)dT = (}ILF(Z)@‘3 tt%lnu{{(t-()d?

which mpremnfs the respomse of an unc[em[ampd SDOF s a)/sfem

to f)we mb}rar/ Q)(CJ{allw‘n F(f;) Noll_e f)?ﬂ.t H\b (”Cf‘“ah‘m does
not Cons;clff T)le ejffecf of m:h Conalr'h‘on) o) )( f)ae sy;fem, be‘cwtse
Hue mass 15 a)sumeo( to be at rest Jjefofe f}w apph'caﬂm of

7"‘)6 .'m})u’Szi as )mp/;ed b) 71116 fo”ou;mj Pcfaa}wm:
o Jent

n(t)= j(t)- {smuf{t and Aw(t):F(?)A'Caﬂ‘—'C)

The :'nfegm@ in the above ecfumlum is called i‘lve Convoluhion o
Dol ,-,,,;egmﬂ’. In many cases, the fundmn F(t) has a )(érm
that Pefmh‘s an exp)ici} :'n}e(ﬂmf/m Of the 974!&7’;071. I f such

"”h’j”aﬁfm s not Pombfe , we can evaluate numerical|

/
coithout much Oll[ﬁailll)(

’ /—\“\‘C\’/\ )



- ResPonse to Base Excitatim:

If a S;fo’ﬂj-ma»—(lamper :sysfem i subjecfeJ to an arbi"rrar)/ base
excitation described by its dlsplacemenf, velocity , or acce lesation , the com
can be efoessecl in terms of the relative o(ijpbcemenf of the mass
Z=a-y {o”ow;:

Mz +C2 +kz= _m};

TS is simiar to ke equation:

mat +CH + ko= F

wit. te vanable ‘2’ reF]acmj % and the tem '—m}" re placing
the forcing Juaction . Hence, al of the rels dleawed fortle force-
excited system e appliable to e bae-exited system alsoﬁr 2
when e term F' s fepiacel b ¥ “my'". Foran unc{erclam/)ea( systenn
cubjected to bae excithon, the reladive displacement can be found
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—Em,m}))e: (SfeP Fof(g) A C’omPamlmﬂ maC”linE) mode]ec[ as a SDOF

system , 15 show belo w. The jofce ac-finﬂon e mass ‘'
(' includes the masses 0)[ H:e Pl‘sf’on,ﬂae P'afjofm, ano[ TEa
maf?ﬁ(zﬁ be@ Com/)acfé’J) clue fo a )udc{en aPP’:aﬁ:}M

of the pressure can be io(ea/)zai as a 571&'}3 fofc"t’, a
shown. Determine e response o]( TJxe syntem.

} = lr:lczi';zrci:zympacted o t
) \z l kr-~P!atlorm
2 92
A\
SC'}aﬁUn: F(t).—: fé |
T .
. F, -J‘“‘n (t—-'C) :
A(t) = r—nZ;‘Le smu,("‘[t-t)flz
() - F, [- 5“’" (t- 2){ &;nsm%‘ (t-O+w, Coow (1) j f
me
=0

(él“’n)z-i- (w {) =




This response 15 shown in Fi’a, El. If the s/#em s
“"alamf)"c! (J-‘-O and od,,:wd), then we jet:

u(t) = % [l - Coy wnt]

This ({(/.LLCIHCD’I is shown Sraiah:ca"/ in Fig. EZ. It is seen
ﬂ]af?f"‘?e [oatl s inSbnfanfa.z)])/ aPP’ieal to an u,nc(wnfbec'
57sfem , . paximun ob}fﬂacmenf of Hwice the static

dr‘spiaa»menf will be aﬁ'amea‘, L Hypgy=2R 1k

2F,

D iy o S o T G —
Fobf-\N—J AL\ [ \_ [ \_
T /\Af\/\]z
0 —igh- 1

F;g. E2: UndnmPeJ
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s Examp’e:(ﬁmg_ Dela/.?ol Sfep FOfCe) ano{ 1"}16 ff’SP(mbe 0)( Hlé
mepacﬂrlg machine s hown belpws , when it subjec’real

to H&e Jﬁarce shown below.

Soludion: Fofcmj funchoﬂ starks at t= i‘ ndeac )(at t—
s0 the response can be olovlamed ]rom f)qe

@c}mhm obtained in Previous c’xamp)é) ﬁoahs

. - fg ’ | - wnt
X(t)h—-’z- ['- = '93 cm(uaf-—iun"'(—g—

Vi-§ J'—a‘))]
'b)- rep/aahﬂ +* B-/ ’t-i".lméwes f
)

(t)= dw,, t- -
i) k '8 [J_\—‘ to%:’c\)lwd(t-fb)- }:I

If f')?f’ S/S'}em IS uﬂcla)nf)(’cl) we 99t:

xB) =T . -
wff)‘ i L1~ cown(t-to)]

P S, T




— Example: ( Rectangulor Ruse Load) Tf the co mpacting machine shown
below 1 subj’ecfecl fo a Constant force only clwing the
time 0<t éto (shown be’ow))(lefe:’mme 7‘119 résPome o)[ 1)15

machine.

Hr)

ﬂ]ﬂ

Piston

Fr)

~—Cylinder
[
] Fy

L
< Material
mﬁ m being compacted
C —Platform
(1) ty
LS J_ k
2 > 2

Y

Solution: The gfren ﬁ)rcmﬂ )fcmc o, F(t), can be considered
as the sum o-)(a sie[) function F(t) of marj";fude
l"'Fo’ beginninj at t=0 and a se’coﬂol S}EP
Junction F () o‘-)( mcgn;m[e “E/ starting at time
t=t,, @ shown below:

Fi(1) Fy(r)
+F

Iy
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_mus) ‘Hlé resPonse of H’:e Sys,‘em can be O!Ofamec,l ,o)/:

Fo | L -30' Coy(w W 1“'
T{— [l _.,JT’_T (d.t 4)):[ kﬁg"‘[r—-ﬂ (] (_m(d(f ) (ﬁ)‘]
step jorce K- clelct)(ecl sfef) jc»rce

which fc)Su}fs in
wit

& y
= Fe 0s (w,t - = wWhere
«x(t)= ) l_a [C Uy ¢>)+é1 co) wdtt to) ({L/] he (b

[J( the s)/sfem 15 unclam])mf,we ﬂet:

o)

x(t) = .T_‘:- [Coswn (t-t,) - c:o)w,,'t]

The fes))ome i shown in ﬂvefo“ow(ri«j J[cr two OllJfElC"ﬂf Pulsc" u.'i'cm}S of'l‘o-

0.15

Datas
m= 100 kg ]
c=50 N.s/m
0< 200= 01) k= 1200 N/m

F= 100 N

> 2 (= 15)
01 -

0.05

x(r)

'Z wda_mf:eo‘ mhlfaL _
time pefio ofsys”em

—(.05
l.8!33$

=01



f@{m{ne 1“1& VE’SPOI’]SE OJ[ i’})E‘ C’om,)a(},nﬂ

-—ExamPle (Lmear Force) De
machme shown Ee}ow when a lmeuri/—-tfar/mﬂ jorte (Shown

bdow) Is app’:ea( due to T£a motion ofﬂne cam.,

Motion of
cam

——
Cam

D Hr)

Follower —

8F

1
Material 0 I
being compacted
K1) J+—— Platform
i@@
N

Solution: The lmeaf)/_mr)/mﬂ :fo vee Is known as f’Le fam})

function. This ]forc.‘nﬂ funchion can be fePresenfeJ
as F(z)=8F T, where' SF denotes the vate cf
increase o )( the force F 'Pef unit fime. So, we
may wife:

t ~fw (T-T
”“*"d 0 r(z)

1= J gl )smwd(t c)dt

mon )

Za ?"wmaz)(«dr)_SF fj 3ent-0)sinu -2 )
0

t
att)= 3 (i-o)
mey o
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i 'Awnt 2 w:[ - &%D% K '
A(t) = §k_F [t- édn +€ kan cc;wdt - \ o Sinw|

For an unalwn,)ul S/Sf'em, we 3et:

-X(t - _E-gn [wn't - Sinwn J

Fo”owl'rg Jijure shows 1‘)15 re;,)onse 8&\/&:4 b\/ 1‘)16 a);)ove

(un n!a,mlbul) e (ruc-tjﬂlam

- Emm,b)e:, (Blast Loacl) A bui’cl:‘nﬂ Jframe is modeled a5 an undamped
SDOF s)/sfem (-shown bc‘jou,‘). Find the fesponse ofﬁae Yame
if it is sub jec ted to a blast loao[mﬂ reprewnh)cl b/ the

hrianﬁular pulse s hown below.

n  HU

7 Fo
Hzi) m
LS k
2 2
7 A

)
0 fa ¢



Solution: The Jorc:'nﬂ funcﬁo'n IS al'ven Io)(r

F(2)= (l-—) 0< z<t,
F(Z) =0 ’C>'to
t
Note: For an uncluunpecl spﬁm-—y-}d‘c}:ﬂ-f;[ )smw (t- C)AC
o

@ResPoﬂSE durir\fj 0Lttty ¢
T,
alt)= — mw S |- -—)[smwtcmw'l mefsmw Cjcl(wnz)

‘ o I ,
«x(t)= -l:- 6mwntL (I— %;)C’oswnt . o[(wn?,') - i.‘- Com)nt)
t .
Jo(l- %—D)smwnt . cl(wnt)
B’v noﬁnj fl\af ’-nfyarah'om b/ Par “s C(ji\/es

Z‘cmw ol wnt) 2 5|nu, Z.;._Co)(p T

s

r.' g ! ; a - ‘ ‘ l \
! C 50, T- tl(wnZ) ==-C.cow,C+ u—)-hsln w,C

We get:
9(&)=f‘l -s’mw Hasnwt -t smut-L couwts
k n L tO N~ wpty wat,
E?. ¥ < .
- Co w,,’c X- Co> unt +1+ E; ment - u—'}—n-tof;mwnt] R

3’
By s;mf»l;f,-m_q Hﬁ) expfessiml, we 5ef:
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Fo ; !

(0

@ R&Ponse Auri‘ra )C>1..'O :
Here we also we the jbrcin_g Ju.ncha—n Jor F(Z‘),
but the upper limit ofﬂve Jo”ouknccj infgrajﬂdn

will be' fo', since F(2)=0 for 1.
“Jc/‘*”t"

-x(t):r;’;J F(7)sinw, (t-7)dz
"o

—”1_1':15, H\e ff’)POﬂ)e an be jounol Jrom E?* (P(é’v{ow
;xrge) E/ 5eﬂ7'na If=tol within the Squaue brackets.

7777;» Ié’)u,fs in:

An(t)= L {(l - (b)wnfo) SiNw n‘[‘ - (‘*’nto‘ Sinw,,'fo) < wn't]
ku,t, ;

P | e



X PesPonse SPEC’ffum

The graph showirg Re variation of the maximam response ‘(,,i,ax;w
liplcement velocly, cccelruhon, or any ofher quantity) witk the
natural fmiaenc/ (or natural Pm’ocl) of a SDOF system to a
S/secfﬁec{ jOfo}’\lﬂ Jﬁnc-ﬁcm s known as the 're;f)omc’ sfwchum’.
Since the maximum spanse Is P}o/}"ecl ajams} the naturad ]re?uenc/
(or natural/ /O()/fad), the response sfrcv‘rm g}Ves the maximam
respemse df) all po;sib/e SDOF sysh?mxm respose spc«rfram k
wf'c‘[e)/ wed in earﬂ{fquake erg!neeﬁr}j c/e"s(ijn.

Once e respome spectrun wmﬁmlmj L SP""ﬁf 1 | J;‘ m.,'? 4
J(unch'on is available, we need to know Jmf 1, natural J}e?uenC)/

Uf 7£L sysfem to ﬁnc‘[ its  maximum resporse.

T T T -

=, xamP)E:((bmffurhm Df ' R"'*PO”SC’— Spt’fﬁm o anusofclap Puha)
Find 1& aﬂc[am/.wc{ 3 Ponse s,.)(-cffm fo{a anusoio{up
Pu}sc’ }or&' shown bc-'low A1)
us'fnj the infh'afz Conaéﬁc:m&
«x(0)=#(0)=0.
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60'&%‘!’1: The EOM o/[ an MCICZMI)C’LI s/'shm an be éxP!ESﬁc‘cI ol

. ] Fsi et
mx+ ko = F(t)= o Sinwt O-—t_- ¢
0 t>t

(8]

The solution O/T}u—“ EOM -
Mc(f)f homo‘ﬂeneow solution

A(t) = 3 [F w}l e
(t) Xc()*""/:(f) ere "%P(t); pai ticuler solution

A(t)= A cowt +Bsina t + ( - fo ) sinwt

-mu’

natural im Tk
requenyy = Wp=— = | =
ifz;sfem Z" "
Usinﬂ T)\e fn?f’fa,a (‘on(‘[fﬁon) '?((.0')-—?2(0):0 = )B;—_ £w
wn(k—mwg)
(veri[y!)
So, «(t)= i— Sl'nwt-% sinw,t C)f_tﬁ_to
l-(w/w,,)" n
b (t) ' ot %, . ot | .
Rewrite '-X(’L‘)—> 9‘. = ismz.__".g = o<ttt
S5t "'(%T ty 2t " &r ) T °
0 -

Since there is no ](orc@ aﬂwh'ed for f>fo,7‘1ll€ solution can be
expfesseuj as a Jf}’ee-vibmh'on Solution:

2()= Acorw,t +Bsinw,t t>t,



In pre vious €

?ualtmﬂ, A’ (U’!C[ B’ can be fotmcl B)/ asinﬂ 7‘179 value, oJ‘

ﬂx(i‘=fo) and i5((1:=t0), g:ven b/ Eq- %, @ inhiad condiions fOf
the duration 1'.>?'.'O.77175 3ives=

ﬁl'n"to

(lt =t,) = [

- A'cos w,, to ¥ B,-,- inw,t, St
where o= 1
] . (%o
5((1.‘: 'to)= 0({ -1—:13 - -Zl o> ?-;—to}: -w,,ﬁ 5in w,,to+ wﬂB C“"Unto o
(& 0 n
Fma")/ — ﬁ; Z_T; sjnwnto and B— -:);-n [‘ + Cosw, OJ (veri y')
hto

80) "XH) . (Zn/to) [Siﬂi‘Tl'(Eg- %)—‘SEHQT—% ] t?_to

Sst g I |- (tn )2 to)?-} Zn n n

S —— -

Ec?,. * ¥

E‘f' - aﬂo( E?, *#* aive f}le ﬂ’:POﬂSE’ OJ: f}r.‘: ‘-'5/'5"'em n nc.\nc(imeml'ana,ﬂ

ﬁ{m, 1. €. QC/SS-L- exPre»ecl in ferms o]( t L, So,}:r any sPeci-f:'ecl ve lue O](
t,/C,, the maximum value o)[ 9(/85{ can be founo[s This maximum

value oJ( 9(/851; when Floﬁeof
aﬁalnsi' [ (o ((_jiv‘f?s the response

5Pec‘fmm sbown here_, —_

()
85! max
“‘T‘“T'"T“‘T“"T“T"'i
| | I | | 1
) | | I L I'
L5 f—= | __—JI-_”—I —4_—__{--—_I _—_I
R T N N N S
sl I I I T s e SR R
| | | | | | |
W TR S N N
0.5 ~i I R R T TR
I I I | I I I
ol L 1 | 1 | | | ()
0 05 1.0 15 20 25 30 35 A7
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No‘te Iﬂ Pfew.olb eX(UYJP’e H’H? !‘I?Puﬂfﬁff:e I.S Sme‘e ﬁﬂ(l j’]é’-an‘ a
closed - )(ofm solution has been ob?La.m@o( )[oy the fesponse spcc+fam

However, ;][ the mPu’r jofCe is arbfmr/ we can J[mi TE.x fe s pome
Specffam onl/ numen‘ca”)/. In such a cae, the fca”ow':rﬁ exfuaﬁm
an be uwﬂ to efoc’)b fﬁ ,)eak response o]( an unolcunPeJ SDOF

system oue to an arE{Yar/ inPaf force F(t).

-‘x(t)l Jtr(z)sma.n(i' 'Z)ol’(

max
mm(

== Re>Ponse SPec‘}mm :ﬁar Base Excitations

In the d’e’ujn 0[ maC/'uner/ ano[ stric fures subju }@;J to & anwcl
shock, such s that cau)t-’r] lg/ an earn?quake the res pomise ;.}Jechun

COff(’SPLVlJI?ﬁ to ﬁe 5a>e exCitation s usefaou If H'xé‘ base of a
dam/:)ecp SDOF s)/sfem Is subjeclterl 1o an acceléraﬁbn ’y(i')’) qu
EOM , in f?ffm Of f}’t’ fe/aﬁve C&I)/a(ement ,'Z=9(—)/', s (7Wen
by 'mfz+Ci+l<‘Z=—m)7,am1 e vespomie 'z(t)’ b)/

t-2 /
Z(i’—-—f )/(Z')eJ ( )smagl(f-z)dt s In case o[ Qa 5/ocmc;1 Slﬂoc}(,

“1-o

Hw vefoc:'il/ response s/aeffram I genera” / usc’o{ . 777_(: Jis/))acemenf' cmo/



acre)c"fcxkam SPg},d are ﬂqen exf)fcfsse:.i in_ terms of Tllé Yé’oCiI’f

sPechum. For a )varmom'c OSC:'”arLor (a.n uﬂflwﬂPecl s/s}em unoler' ][rcc-'

vibraﬁ}m) , we nofice that

oo i
{()‘mﬂx = = wfl O(max

Amax = Wy Amax

So, the aaeletation and c{n'sp)acemmf specfra ISL: ancl 'SOL' can be
obtained i teim of the velocity spectum 'S,

S.= WS,
S, - Sy

Wn
To consider ofampma n the 5/3"@;71) /:)(we assume  that f}we maximum
relatue c[fsplacement occurs atter shock Pu'se has passed, the
subsequent moton pust be harmonic. In such a case, we can wse
(Sa=w,,5vl and ‘S d:S\,/w,; . The }fcﬁﬁow Vé‘jocr*/ associated w.'f’B
this ap/xzrenf harmonic motion 1 called TI«DQ /})seatJ{O Ve}oa}/ano/ its
response spectrum, ‘S, is called o }356‘&(0!0 Sf)ecfram'. The /c’,oan/
spectia 0][ damffo/ sysfems are wed exfenst've!)/ m earf‘k,rfuake aml/),s.

To )[:'na[ the relative velouty s'Pech,,Lm 5 consider
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Jw (t-¢)
5mw (t- C)cl (&

d Bére’-*n hiate

z(t)—--—f y(2)e

: L _Jwt- o .
Z(t)= —aj_{l;y(z)e Jeal t)[—(jwnsmua(t-Z)-g—aAeo;wd(t‘-—’C):]cl'c

Y rewrite
- £ 2 (508 o2 d
Z = = Cow 'l
) \/‘_c{—msm w{t ¢)) u.,herc Jot ol
; Wyt
\ O=J }}(C)ec} smwl?:cif
2 tan{ (PIT-57 +qf)
~ (Pi-aJiyT)
So,

Jwt

= FE

Velocity response spechims S, = | f),

J

Sd= 'zlmax =Sy/wn
SV= ,é'max

Sa = Irz.’]rmx el OJHSV

max

-3 P sequ fc’>P0’ﬂ>é’ SPC’C‘h’ A

Sl S e N i TN



PJe:TFg wafer fcw,(; 5)00(»:4 ]DC‘)OIA), 15 subjecfeul fO a )mewi)/-

— Exam

var/i/g 3roum{ acce’er’aﬁcvn) a s}roa: N, du@ fo an earii)\(fuake-

The mass of the tank s ‘m”, the sﬂffnesb ko‘Le column is 'K,
aﬂc[ Jampl'r}_cj s ne‘gjfjfb"“ ano[ noﬁ resPonse specf}’am for
the relative cl:k’))acement Z=H-Y, of the woter fank

§—' x(1)

Water tank — m W)

-‘ij!S
Column, k ———| \ 2
0 wo P
WW ~ Frmax [r== ===

— )

Solu'h.oﬂ: We mcflel f}lé c.umLer 71aﬂ)< as an uno(amPt’c( SDOF

5)’57191”.
L8 ou i —
| YW’Y,,,&X('-;) o<t it,
Base aaeleration 2
y(t)=0 t>1t,

% Response o,un'nﬂ O<Lt< Lty

L
'Z(t): - (:—Jn }:_/ﬂax [‘L (l = %—))(sinw‘i cosuw, € —(Nu{,,tsmwr,Z)JZ]

|} rewrite
), t L) .
z{t)= - ”:; [:- —%—Cc>wnt+qtosmwnt]
n
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2(t)= - _7,_7_1% [_ |+ Wylysin w,t +Co>w,,t] =0 >t = %ntan_ '(wnto) —

o“n

Y, tm L I
Zmax= _-1":.%1 [,— -_,:—‘:J —Lﬂ)wntm +mosmw‘.,fm

x Response durinj t>at,: Since Wt) =0, we canase the solution o{ the
free‘ vibiaton m+ka=0, as
2(t)= 2060>wnt+(%>sinwnt (v’erff/ ')
n

by considerira, the LC.s as 2(t=2tp)= %
J i(t'; ito = éO

The maximum oJ( 2(t) can be iclen)L:')(l'e’zJ (o3%

1\
X
Amax = o+ —zo—)

W

—Earthuake Response Spectra:

The most divect c{escn/aﬁbn of an ear?‘}:quke motion in fime
lomain s Pfow'c[eo( B)r ac‘ce}eroafams that are recorded E/
instruments called I"’l"""”‘,ﬂ motion a(ré’/efcgmlbhs . TL—;)/ rf’cofc!

‘f')?fee or H\Ojonaﬂ C‘om/)oneml) ij 9founc1 a(c'c’}é.{:zﬁoﬂ afa(erfal'n
Locmliufn. A fypicaﬂ aCCé/em(jr‘am is shown In ﬁre {o}low{nju

An acce/efcgfam can he mr‘eﬂmfeJ to obtam the tme variakions



of ’rke 3fouﬂc[ VE'OQ)L/ ano[ j{ocmal c{rsplacemenf.

500
o
0
(5]
—500 L | | | | T
30

2
E
0 5 10 15 20 25

Acceleration

A typical accelerogram

A response spectrum is wed to provide the most dexriphve
fé’meﬂflﬁOﬂ o)[ the mﬂuence of a g;’ven eaﬁﬁcfual'c’ on a stracture
or machine. It 15 Possibk to plot the maximum response of a SDOF
system in terms of the acceleration, relative pseuofo Véloof)/) ano(
relatie cl(fj/)ja&’m(fﬂ(l using [cjjar, thoe  scales. A %/Pumﬂ response
5Prfram r P/o#ej o a j:mr-wa)/ /oﬂw;fkm.c paper; is shown in the
)L'OI/owfnﬂn In the ﬁﬂ.—,u'e) the Vf‘f‘th’f axs denotes fki s)oec’rra,ﬂ
veloc‘r}/, He horizomtal axis /eP/&enﬁ 1&0 nafuraﬁ time Pén'oc‘,ﬁ’a_e

45" inclned axis  indicates 7{31 513("5}"'0 a[fs}b’acﬁmcnjr) gl 7££ 135
ﬁl.:)g 5”)(’( f’faﬂ H(’CE}EI’R'}I.M-_[E'S ﬁjwe MO(EE{/ S}]Ou,‘)

in C}r‘ned axs shows

H?e yesponsé sPc:tffum Of f)ye ImPeriaﬁ Vane)/ Ear f‘ﬁcruﬂk(? (may i‘Z,IQ‘-IO),

-far J-.-O,O.DZ,O-OS,O.IO)MJ 0.20 g[ami)ibj ratios.
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A0 — - - ]
Vd 5 4N | 1 /TN 5 N P 4 ‘){
o S | p b S A | ‘. e \‘.\ ' ' ',' 4
&> 7 . NN TN\ \ N 1A X

N \ } / /
200 - "
4 /(’ ‘. X %]/ R { - A/ P Py . L

1 ~

Res,oonse
SPE'C’TU.M

Spectral velocity (in./sec)

S7.NP

*

N

4 6 81

06 08 1
Natural time penod (sec)

As it is scen n the above j:gwe, the resporse SPffffdm Of a Parﬁcu(ar
earf&,wke exhibits considerable }rreja,rzriﬁe} in the )[recfuency Jamam.
Never theles, s pectia coyre>|>umoln5 b an ensemble OJ[ accelero érama
el by ground shakings of stes i sinlor grelogical ar
§eismolo((jiazﬂ ]r@afwes —— A junchom oJ(Jﬂmf and Pl’owcl.e
statsticall Hrends that chasacterize them c’oﬂech‘vel)/. This idea

}’)a) }eol fof& 0\(81«?0 menf fﬂve ConC€P+ OJ[ (A OlfS:jr’l SPecfrum
J[or use in earnngake f(’S’SW’L Olt’ﬂ n 0][ 5fmchde>ana[ maclvmes



A 'r;pica,a aﬂe)gn sPc’c’mLm is shown Jpe.jow.

400 —F T v
4 250N e v,
yﬂ)\/‘ » b',\ p
b / NS NN T P
"'?{“ ff'g-r} / (: \{:)q;;'\ o s s
RS &S A s XN
S IO “{) {- \/j&":ﬁ e <
7 vk ;‘ - EoPCATLINR
4"5;; - S //‘ SN a8
e . a4 el " llP W%
BRI Dhorntnt A X[ XX
] B, APV AX AN 1 .
DR A :
_ AT Y o 7 x| P09,
5 ¥ A 8] “Ground motion
5 ‘ ?\Lr di P {X
£ : B AN DD
3 > 1|§ 3 E‘@‘ > 'x' s
2 k/ I b o v W
B R I PR A%
SN < ; : & R ?
i (X Ao Hxd S A AN X
& r)(‘ x| : ‘ P Jo A -
bt A NN & 1 b 4
>£I’é L ah SN " 4
CONKERRS AR s o
" ot < X :-L/‘frqu & X 114
08 PRI XL p o/ - X E_
0.6 frbe SR AN Do g N h/' «
r‘ = ,rh x * ""4. KA P,
0.4 fRA< 7’ o ’)I?;Kvb‘ ¢ % R,
b ® < & % *\'
4 PN AR »
02 *};\’,’wf” 4 : ‘3 -‘}VV"" K hle 33 N g’/
“ % : g & PN RN ¥
S 7 FAN 4 oY
5 I,X&a >
0l ]
0.01 002 004 006 0.1 02 04 06081 2 4 6 810

Natural time period (sec)

Tn the Jollow.qﬂ examPlei, the we OJ( 1’163 response and a‘ésirjn sFef’rfa

Of earfk‘f““/“f’ s OzemomffafecL

—Exam}))e: A bwu’&ﬂ ffame has a weghf 0]( 15000 I and two
colwmns of fohlp sﬁffness ](,‘a) indicated in the fo llowing
][ijufe. Tt has a damPn'nﬂ ratio OJ( 0.05 and a natural
time Perioa{ OJ( 1.0 sec. For the ean‘fqua’xe C‘haram[erizfo(
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be}ore (Imperia@ Valle)( Eafﬂmrua ke, May 18, .13%) , delermine
the J(b)low:‘nj:
@ Maximum relatve olisp)acemenf 0 f the mass, Amay:
@Mmimum shear Jﬁarc'e in the columns.
(©) Maximum bundfnj stress in the columns.

e (1)

sv= 25 in S
5 Rs onse ) )
So’uho-n: For Tp= 1.0 sec a,nc‘ (j.—.0.0‘j S;f(-i‘fum > 15= 4.2in
5(1= 0428
= 162.258 in gi

@ %max= = 4-Lin

-
@ |kXmay )= My = —gw- S.= (%—gﬁ%){léiiﬁ) =6300 Ib

Fmax/eachwlumn = é—%-o—g =3150 |b

@ Mmax‘-‘- Ena,_'g —_ O'maxr_l_n_ﬂf_——!c




._.Exam})je: The trolley o)( an electric o\/eflneao{ +rave’m5 (EOT) Crane
Hav’eis J?on'-zuﬂ‘ra”)/ N Tké’ 5;1‘0[3( as s]flown. Hss‘w‘nmﬂ
an f’fo//e)z as ol Poinf mass, f}.e crane can be mocle’ec!

os a SDOF sysjrem wJHw a Perioo[ ofﬁsec ano‘
a Jamfbmﬂ ratio of 9% . Determne whc"fker f}xe
ﬁo”e)z deraﬁ/s u,noler” a verﬁca’ éarfﬁquake exc;%aﬁo‘n

w}w)e Aesf(‘jn SP(’CTlfam was gWﬁﬂ before.

Girder [ 23 Yy« Trolley
\ ﬂ\"" B Wheels
A= N=/E
% 77
N

Solution: For {Z“*g “sec_Design | 5 .o, 259
é: 0.0 SP&’( Hum

The hfoﬂe)/ will not Jf’fﬂf L since ‘r)le spedrq,(’
acceleration ¢ J( the trolle Y (ma») does nofgx(e&l

o value c"/) 1,08.




0
—-Desijn Unclef a Shock Environmenf:
#

(When a force is aP’Djf@(J for a short duration, usuclly })or a
Peffoo’ 0 )( less than one notural Fime Perioo[, it s called a

shock Load” A shock cawes a s{gnif:han1£ inciease in the
displacement, \/efoci)('/, acceleraion , or stess in a mechanical
system. A!H\oua)q fah‘jue is @ mafor Qe of fai,um under
harmonic j:m:es, wually it 15 not very imporjrcunL under shock

loads. A shock may be described by a pulse shoc’k,\/e)oof/
shock, or a shock response spechum. The Fu,se shocks are
introduced b y suc[clen//._a,opl;};ol force's or o[;'sPJacvmenh in qu‘
)fofm o]( a squae, half- sine, h’fanju}af) or similar Shaﬁaé' (shown ba)aw).

—’;’P"‘“ﬂ>
Shoc k
pulses

(a) Half-sine pulse (b) Triangular pulse (c) Rectangular pulse

A vc»focil-/ s}rocL s causec[ )9)/ malclen c}:anjes in the veloci/')/ suc)n
as ?410)6’ Causeo{ w};en Packaﬂw are 61/0/))0801 ][fom a heig})ﬁ
m s})ocL re>PDﬂse SPecf/wn de’ﬂsa’}bw 1‘}16 cua/ n w)rfcj\ a



machine or  structure /espmds to a SFC’C!}"C shock insfead
o][ Jescfib'rg 1‘& shock ihel)[-
The ](ollow;rlj example ustrates 7‘}16 me%od o[ If'mffvhrj alynamc

5ﬁ’esse> n m&c}ran!tclﬁ s/sf’erfb unalef a 5}10(,,& enw'mnmé!’lf'.

— Examp le: A printed cireuit board (PCB) is mounted on a cantilevered
a’ummu.m bfacket as shown belows. The bracket 15 'aff’d
in a container that is exPea‘eJ to be dfOPPt”Cl from a

low- )f | /mg )ie}:co,)ﬁ?r. TF‘ re}u)hrg }vock(an bt aPPrcxunalen(

as a balf-sine—wavc pube,as shown below. Desian +he

bracket to wifkshmo( an aceleradion level of
1003 under e }mif—sine-wave pulse shown
below. Assume a speci)(fc a.eigj;f of 0.1 b/,3 ¢
younffs pmcju/us OJ( IOKPSJ', a.no! a PEfosﬂ'ble 5 fress
of 26 000 psi )(or a}um}ﬂum-

10

PCB, weight 0.4 Ib Acceleration
@ 100 g F——
//////!/
| T ez
i Section A-A
l

0 t

tp= 0.1 sec



Zl
Solufion: sd} wegjwf of the beam: w= IOx‘ixolx 0.1 = 0.5d

totol weight: W- we,-al,f of beam +weight of PCB=0.5d+04

monent 0)[ inertia Ofoon sachon: I-_—i-'i- X -;'fxcl = 0.04167d

shbc deflcton of bean 6?05 104)()
ander the end load W © 2™ SET™ 3x 105 0.0416 313

4
L 05404 2 g9q4410
6(3

we neea{ to }mcl Zn,so H:a+ Hw 5}706'< amp'ifimﬁm chjroram

be Je'f'el’mmefl.

4
i £ -
assume: d= _'i.,-,, > O 4= 45369 xI0 in

f‘ to_ Ol 1.8508
_7w |8t = 5 gor s 0 @ =i, E
T,= % ?J-L 0.020615 s Z.~ Comes

3864

ﬁ'e sjneck mﬂthficaﬁkm J;JC]lof (ﬂa)cun he Jounol jrom T}:e jo"ocu.nﬂ
}igwe o’::iaineol for response spec’ffum oJ( s’musotcla.q Pque:

e e e e e e ey oy e e .

|
S SR .- —
1.5 : |
| |
A
| W i I
| | |
| I [
R e e B s iy A ey
| I
[ |



iner ha fo&‘e on the beam

{
the dynamic ercl — 0.5 g
achnj )c"n cantilever © EF A, M‘S =1 (—5— (1003)- Xl

sy aaeleain

Lo 2 J &rrespcncl:'ﬂ
; fb@’:m to the s)w(Lj

note: I=0.0416%°= 0.005209 in”

maximum bencll/g stress

N ) .. Qé
at t root of the cantleier g, ’"; ¢ _(715x10)(% )=343:5,eo75
bracket: 0.005209 Ib/in*

-4 -
S~ (0-5"0-6-;0-" « 29994x107 = 25. 924010 in
0.6

Co=20r é.’.t = 0.01627 sec
d

t ) usin 7\[)2
_O_ = 0.l _ 6-”45 ..._’?.__> = I. ] "
T 001697 Jiqure

INTY
= (1) F)noorjp 770 b
I-0.04is3d = 0.00900] in”

My-c  (70x10) (55

%ax‘ =

I 0. 00900/

] f})é’ Ml‘éknﬂs o f}le blh('keican b(’ hﬂj((’ﬂ as C{= 0'6 ;'n.
/\_’J\/ 4

e 25663.815‘ “/MZ <G’Permisu!n|e




ChaP’rer 5: Vibation of Iﬂulﬁ—Degree—o_{- Freedom S/sfems 79

* In troduction

This chapter deas witl mubi-degree-of -freedom (MDOF) systems, which
require two or more mo(e})encfenf coardinates to descrbe thew moton.
The c‘ouplea{ ec,umham 0 f moton © f the Sy5 tem we derived and

expvesed 10 madrix fofm. By exPﬂ’bﬁlhﬁ the EOMs 1n matrix ﬁfm)

the mass, 0{4””/3'”3; aﬂa( sff%ess malrices o f He 5)/sfz=3m aie ,‘Jenhff'éc[-
For examP/e, jbr a two -.cfejree-of- ﬂeea[om sys tem, we gef

EoM: MSE+CX+ KX= For O
where

M C, K are 2x2 maf/{ges,mo(
X, X,X (Fend 0) are Ix1 vectors.

In the fonawa’nﬂ, consider the audomobile shown. For 1)e vibiadion

"f the aufomobile in the vertical Piane, a iwo—clc:qfé’é'—Of - )ffc’e'cdom
modell, as shown, can be used.. The body 1 ideabzed as o bar OJ[
mass ‘m” il a mass moment o]( nertia o’ , _e,ulopmieol o 1 rear
and f/on% wheels ( SuSPens}mqs) of sf:ﬁness 'k,’ anal 'kz’. The
Oéip/acemenf df e ausmobile at any fime can be s pec }ic”cj 5/ the



lnear coodinate ﬁx(t)l clenohrﬁ ‘ﬁgﬂ ver ﬁ&lﬂ L’LSPIC‘C@”\@‘”TL 0 ]( the C. G.
o)[ the boal/ ano( 7& a:?ga]ar c'cmvéhafe ’9(6)’ mol:a:(ﬁ:g f'Le Yolah on
Of 7'}18 1:)0(1/\/ a}wuf :7‘) C»G /)/fe’fnaﬁp@}/, ﬁ;e mohon of ‘f)’)é cw}omobnlf’
can Ae s)oer;ﬁeo/ ufrfg 7£Q :'HEZE'PCH[I&?} Cbm’c[rha}e;) '..7('({:)' aﬂcl 19(2 (i’)’)
0)( Po"”h A and B

As another examplt?; consider the motion 0)( A mu)}isllor/ Baiumﬁ
w,,J{,r an ear#i(fuﬂ)‘@- For s;}mplic;f/; Qa fu’o-cféégree-of-f}eecjﬁm
model can be wecj o shown. The bu.lfo[:rzj is modeled @ a

————

r,‘{j"([ bar hav}nﬂ a mas ‘m’ and mas moment o)[ mertia 'J; * The



esistance offered 1o the mation of the building by the foundechim
ard suitounding soil 15 approximated by a lnear sprng of shiffnes 'k’
wnd o Jorsional] sping of shffnes by’ The dliplacement o the buldig
at any e can be specifiee by the horzontel mobon of the hase
A and angular moton B about i+, point O

The 3"”3"‘1@ rule fof Hm Compuhh}m 0)[ f}?é nu.mber O]( o(ef e€s o}
ffeedom can be shﬁeci a {o"ow‘:-‘

_/_/"/“"_"'“'”"“—“’" e S, I

/ % ' ) N
Numb r of l Number of masses X Nim ber o{ POSSiHe f'ﬂll)
dejm') OJ jm_gt M= n the sth?m ofrnoﬁm o)(eac% mass




For éxa,ml.)’(?, in a fu.‘o-dec reé-of—jr&"o{am s/ysfem,we ma), )?CW(Z
one of f};e -}'o”owr'ﬂj fwo Po;silole Cases:

® 1mess and 9 coordimates,

@) 2 masses ard 1 coordinate for eachmass,

The MDOF S)/s}em Jrffers Jfom )%afofﬂne SDOF sys}em in that i+

has mulf or ’N ' nafu!aj f{e(r&éﬂ(l(&’)) and Jo( each o the ﬂa*ufaj
}}e?uencies | there Co!f(’)PO‘)'W(& a namf] state o j vibradion with o

dbplaafmerrf C’cmfgwmlkm known as 7‘)«9 ,ﬂofmaf] MO(L’I. maf)?t"mafmﬂ

ferms reladed to these afucmﬁﬁes e hknown as 'eirjem/abes' ang{

f€>f>£t71iv€ | )/ TFé)/ aré t’sfab}i's}m! ](’Ofrﬂ ﬂ?é ,N ’s:}'nu)’raneous

eraenv 1Lorl
e\fjen €c >,

EOMs af JrJue ‘s)/sfc?m amz Po»ess cer fwh dynamic Pfopw fies
asociated il 1 S)Js}em-

*Equah'ons 0 )( Motion J[;;r ForceJ Vibration

Con sjclg,' a s Coqu)’— JCI-””PUJ two-ﬁl@g fee-—of —f}eec(om S/Xmﬂ' mass

s)ufem, a5 Slmwf}. The motion 0[ 74;'6’ «5/; fem s Com/:)/e/?’/ clﬂcﬁb@a[

b’ 7")& mora[:}?a/es ,‘?(,(f')f am,( ,'Xz(f'); u’/?r}:'}) o[e f;he fﬁ ]30)1‘17'67?5 0)( }'Aé‘
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masses 'm] and 'm£ at any tme t’ J(rom the ff’ifc'c?livc «,ml.'!ym

positions. The external fé’f‘“‘-” lE(t)' and ,E(t)l act om the mases m 0'”0[”'”2”
respecﬁm /)/ The jkpe_bociy aé‘gmms of the masses ‘m/’ and my' are
shown as well. The 9741(1*@718 of mofioms 07( the masses are dezrmned
@ ollows

bﬁ xi(1) bvxz(”
ky J10)] k, OIS

my

MmN <— :;.n..\’] ml“! - -::;.rg. X

1 2
k,x, -— m — kl(x._}-xlj - - k}'rl
Ol -— L . oty — §)) —— ? e 1t

=
m,: Lh=0 > '-kl‘?(,—(",“).(,—mfxs'f'ﬁ+k2(%2—x')+("2('5(2‘*|>=0

- ;

5+ (€ 4Gy )i, = G+ (kyw ko)ay ~ g = F

Bof)l mVOIv(’
‘xl ﬂ-ﬂt[ ‘Xi-
(Coup}ed( 2nd -
order DEs)

+
— : . . e g &
mgi 2 Fu=0 = = Kalpmt) = Cy (A=)~ my X, — kg ~Caty= O

%=y, +(C9+c3)'5‘z - k%, *(kz*‘ka)"l-ﬁ 7

-”:_e fcuc' DEs can b@ c.unhLen In maffixr orm:

e N -

—

@ Tty + [C]AD + [K]XO=F®)

where



[m, 0] B

[m], , = mas makrix=| g

22"
4 L Note: 2x2 anc[ 5)/mmefncl

lm] [m% —\» #amisosz'
\ - [€]=[c
[k]ﬂ; st Hne» matfix = fkﬁ-ki ~ke [k]= [k]

“k). kj_"'kj- p

A (t = % () o
“(0- th)} “o)- {.5:1&)}2" 4 ) {%i&)}

The I1.C.s off}ae two masses can be spt'ciﬁéa( ase

% (t= O) =% (0) Ag(t=0)=25 (©)
: Sa,(t=o)=5{,(0) ! -ﬂ-ifi(no}r%zw)

rC' +C2 — CZ

C . : =
Welppmedenmply meaties [ 2 ]

New, we derive the é‘r)utah'cns of motien c,)( 1);9 Jollowsr\_ﬂj multi -
cle:jree-o )( - ﬁc&lﬂm s‘pﬂ}l ﬂ —-mass - clam /JE(’ S )/sfem:

ROk, B0 FO kO B0 g

=TI =T
my my m; m; m,

N o x ) X c; X 3]cj %; ﬂc" By o
Poim1+—>Poim2+—> Point { §=-- .- Puim;'+—> Point n =

N

The FBD ¢f a f/PfCCL(} inferior mass 'm;’ is shown be low:

se ;
v 2+
m¥% «— [
kix;—x; _ ) —d] . —k; . (%1 — 1))
ek — & _ ;) ~a—y bl - )




i x5
The EOM af mass ’mz" I$ }oun.;{ to be:

R |
M35 - Ci-) + (65 + Coan) 8= oot K4 = Kty +(Kirkia) s = Ko ®iy = Fi

i.—.—i 3.-...) n_l

2%

‘ ' , 'm/’ ‘mp’ can be ofef'Vecj
Th’e ecf.uaham Of mohcm of TJ’]E masses M (Jﬂ(l n |

J‘fom the a}mv’e ecfuahbn b Ve
m,: i=1 afonj w{fff A, =0

‘ my %, +(Cp+Cr) %, - Ca¥y + (K +kg) %, -

kZ“i'; R

ml
My 1=1 a’o-nj w;f£ ‘7‘n+|=o
ﬂiﬂ _-C”é["“' +(C”+Cﬂ+')5'ﬂ‘|<n“"n—|"'("n+knﬂ)"‘n '-‘-Fn l
My

The three EOMs can bc exrressecl n mmLm Jofm as:

] e [c] A+ (170 F0)

where [m]s[c]> and [k] are called e mass,cfamlsmg and sféﬂné’ss,

- ré n/c’n b
mah';c(«‘s) f?bP(‘C'hVé’ ’/) aﬂ(j a 5 /
[(e1 +¢) - 0 e 0 0 T
—ml 0 0 e 0 0 —C ((‘2 +C3} —C3 0 0
0 m 0 - 0 0 0 —c3 (c3+eg) -+ 0 0
(ml=]0 0 m 0 0 [c] =] - . . A .
L0 0 0 0 m . : )
LO 0 0 o =y (en + cna1)
(ki + k)  —ky 0 e 0 0 ]
—k; (ky +k3) —ks e 0 0
0 —k3 (k3 +kg) - O 0
(k] =
_0 0 0 '_‘k" (kn L ku+l)_




[ % (t) ;'t’({') -c';i*(t') am[ ?(t) are the dis,)facernmf, ve’ocif'/, acceleration,
anc ) J 2

and for’&f vectors (cj?ren b)/:

xi(1) (1) x(1) F(1)

xa(1) 0 (1) Fy(1)
F=d r 0 = - F={ ~

xu(1) x(1) (1) Fy(1)

The SPnnﬂ-mass—(I(m/)uf sysfem considered above Is a ;M!ficu'ar
case (;f a jenc’ﬂlf] N-C[f{ﬂfc’e—of--ffféc{om Sf‘fmﬂ-mmi-clampt"f
system. In their most 5@@@0 ﬁ»/m, the mass, d]am)omﬂ) ang{
Sﬁff}')e» matiices are 5,'Ven by:

rmu miz myz o omy,

Mz My my ot My,
[m] =

LMin  Map M3y =20 Mpy |

1 €2 €3 Qg

Cla €p C3 *** €
[¢] =

LCln Cay C3y e CnnJ

ki kia kiao o kg

kiz kn kp o o ky,
(k] =

_kln Ik!rr k3n kmt_

If the mass matix is not dfajona_ﬂ, the s;srlem 15 saicl to have  mass
or inér ﬁa Couplinﬂ- I)( f)n” c{a.mPinﬂ maf(ix (s ﬂof C‘bcrﬁonady f'}vé S)/nlem
is said to have C{Chn}.\m3 or Velou'fy cvuf"mﬁ. Fina“y; i)( the Shfﬁms



matrix is not a/iajoﬂaﬁ , the s ysfem s scu'cl to have elwtic or static 76

Cou,-\’:}rﬁ. Bo“f£ mass anA dwn)omﬂ CC'“P’”_'ﬂ are also known as Ayna.mw
Couplmﬂ.
The o H;’fenfaﬂ afuajrurm o )(

SPMS-mass-vlame .‘.S)ls}em caan bc’ seen fo

Jr%é C‘onsic‘.freci multi- clejfee-0f - ffé’t’c om
be Cou’.)}ed; each €(fua+f'¢m
) Haa’r the e‘c‘fuaﬁlms can not

inVc"Ws more f}\cm one Coor’ci:'nafe,m mean
be solved }ﬂaé'v.‘duaﬂ)/ one at a Timé; ﬂwey can onl/ be solved
simultaneous! J2 Tn addition, the system can be seen to be statica "),

Coazp/e‘c[J , SNCE sﬁ//nf’»e; Qare Coap/e:{ ;2.8 the st ﬂ-nc"sS matiix has at least

one nonzero o)(}i-diajonaﬁ ferm. On the ofAér }lanaf, if f)ie mass

matrix has at /ea# one oﬂ‘—c{faﬁonaa ferm nonzero, the s )fsfem Is

scuid to }96 J/narn;ka”/ Couﬂ&ﬂi- Far ther, i[ })oﬂe Tf.z ot Jj(nr'ss ancl mass

oﬂ-.-tl"ajf?ﬂaj ferms, ﬂn’-‘ s)lsfem 15 Saic[ to be

matrices bave nonzero
Cau,:)e@( J)o)‘k s*aﬁaz”)/ ond (})mamica”)/.
P —— H e T e

¥ Free - Vibration Hnaj/sis o)( an Uﬂdam]wd 57'57lf’m

For the Jw—v’lbm’nm
owa[fsis o{ the 5/371€m/\>

shown , we set £(t)= };&):o.




Fur fJ'!Ef ,‘; da_mfmmﬁ ¥ ciismgjdf(lr‘(l, C,=C£=C3=0, ch H,e EONMs are:

m,#, ) +(k,+k2)%‘(t)— l‘;z ﬂg(f)= 0
5 miig () = ka2, (t) + (ka+k3) 1 (D=0
Ifm, and my oscilate Aarmoﬂica”)/ wif #e same J(‘:’erfuency - P'},a)e

az@glé but (u;h[i Ji}]érenf amp/ihzc[eﬁ; then w ¢

{%,(t): X'CO>(wt+¢) — m

3 X,amf X2 = max. ﬂmPMW-l“C‘J W,(f)aml')(zﬂ‘)
9‘;_“_&’): xi(,‘o;(wt T ¢‘) —> M2

N | ‘-
B/ s‘u)osﬁful’inﬂ 1)'6 above é(wzf)cm into the two a}_)memr‘nJﬂm& J EOMs,

we g(’i:
[{"m;wi+(k| "'ki)}xl*- kisz]co)(wi',,. ¢\) =0
[_ j<2xi i E"mzwi'*'(kz'fk})} Xl] Cc)(wt +4))=C)

\
}' {-m‘wi(kﬁki)}x; - Ky X9=0
ko ki
\/
[[‘m|w1+(,<,+k2)3 _ ki J} X'

- )<2 [— mzwi-}(k-z+k.3)j Xs

= B

{o)

Fer ncm‘riviaj SO!aﬁaﬂ; olg'f‘: O
Vv
J—fe:isuen(' yor |
chacterishe & (mmy)u- {(k.+kz)m~z+(ki+ka)m.}w’*+ 5(k,+k3)(kl+kg,)-|<;}=0
é’cfuaﬁc*ﬂ



77
T whdum O]{ f}%., j.}pcfuenc'/ or charac terishc erfuab'cm will ylélc.(

f)?é ff&/‘a;‘ﬂCié’) or f)’?é’ c‘}mm(!le’risltic t/L'l’ut") Ofﬂ)(’ sys)lem-m rooty cue s

j(kﬁkz)mz-*(kz*ks)m:} 1 j ; (it ka)ma (ky k) m

}2
' —

(kl"'kzs(kz*-kg)‘ kj:}
‘

m,my

W el w, are fke na‘fctmj ﬁt’?aendﬂ o)( 7‘11&' $y5"em-

We neecj ta c;lffer’mmé ‘IL}IP V(l,ué‘) of X', anJ XT m,e y‘a’up) Clef)em;[
on the  naturad ffﬂ}dt’/lc}"@ @, and wg. We shall dencte the values cf)

( ,
X’ CU!(.I. X}Z COJ'I’?)/)UWOL\W tO w, as x,”(mc[ yl(’) CZHOI #70)8 ng{f_?ijdmj
to W, Xfi)fuw( Xz(i)' So,

0] 9
. X —myw, +(k+k k
( 2
Soe edt gn e sl 4,
' . —mywys (Kt k)
N g )

thf.‘ 771-9 fa‘ho) fl (Lﬂ(l f‘i we fﬂﬂ-ﬂ([ ffom:
{{-m,w“; (ki#ks)fX, ~kyXg =0
= kle + {— mzwi.,. (kif‘(j)}x;z?-o

lhe nof'mu,ﬂ moc‘es 0;{ I/ibfaﬁd'n Corrmpom‘lmﬁ fO w,zanclwé Can l)e’ ex/)fes)cJ

a)l.



0 (1)
pvil) X) XII
X = -
X“) x(l)
L nA _ Oﬁ
These vectors ase knowa as 1’1\6 mocl

e ! X'ﬂ)j - { 0 j vectors o f the sysfem.

The ﬁ‘c’e—vilaﬂzﬁon Solution or the motion in fime can be expreswol as:

(= A(E Xf" o)Wl +
9(,(1)=X,Uos(wi+¢)} “m(t)‘-'! ! )} =! = i ¢n B ={”’5t mOJE‘

| W) ] (xPeofwt+9)
A (t =X o3 () ; ‘ |
(t) (5 (u1+¢) _;a)( - 9‘(.!)(*) - X,{l)cm(wlf+ ¢’1) y C{ J
\ (i)() (%) = ccond mode
X (t X, Cos(witﬂ%)

In these eafwdms, X,“), ,(i),¢;,cmd¢2 are determined b/ the I.C.s.

I.C.s

Tt is noted that the system can be made to vibrate in ity 2~
nornal) mode (i=1,2) by subjectnq it 1o the following specific
mitel conelifom:

J‘x,(’c =0)= Xii)= some comstant, %, (t=0)=0

() ,
q’-(f—: O)= réxlz) ‘%1({'= O):-..O

For any other ‘genefaﬁ ol Ccrnciih'mu, )oofju morjes will be éxa‘vLe'aI.

The resufﬁ}uj mohon can be o‘afcuhf)c! b)/ A lineay supwposiffon
o)( the two m:v’maﬁ1 moc[e):



zE

-9-{({) = Clla(’m(t) + 02;()'2)({) where C, and Cqy e comstants.

— ~N

( (1)
un’(ﬂowm X' ; 12 L) )? 1_

To reduce the number of unknowns, we can ¢ hoose C=Cyp=| with.
no los of) 3enefa})f)/. S0,
1) ()
9(,({ n) ) x‘”(t) = )(l Co>(w,i’+<f,}) +X | co;(wif +¢2 )
, | 0 (2) \
Ao (t) = 9({0({)+q£2)({)= nK Co)(w,f+4>,)+ nX Cm(wi't+%)

In 7')19 abor'e E’zfmﬁth {Z) (#,(mcl(ﬁ Can he Afﬁwmm&a{ ﬁ’om

the ;‘m‘l;&l) Con cl[/vims:

?!,(f.-.o)-:%,(o) > 9.(1(1':0)’-9‘(1(0) By applying these I.C. 5
. . . 7 we can obfwn f'}le-f ”ow;/ﬁ:
%,(E=0)=%y(0),  %yft=0)=%,(0)

X = [{x1" cos &1} + {x{") sin 1} %]/
{—rax(0) + iz(O)}zil'/z

2
0]

_ 1
(ra =

X1 = [{X{? cos o} + (X2 sin ¢y} 2]1/

l:{—rl.tl(U) + x(0)}2 + {nx(0) - -"‘2(0)}2]”2

w3

) [{rle(o) — x(0)}* +

_ 1
(2 = 1)

P l{xg )sm(b,} um-l{ —r%,(0) + i5(0)
Xi” cos ¢, @[ ryx,(0) — x3(0)]

L)X )smdn} { ri(0) = iy(0)
. I _ I 2
¢z = tan {Xﬂz] cos ¢, n oy —nxy(0) + x5(0)] }




—E)r‘(un/))e: Find 7& nafumj fi’c’?ﬂﬁﬂfl'é& anc{ mm]@ shapo o-f

f};e‘ follow{nj -3/>fa}1ﬂ-mm> sysfem_, w}n'c}q I ((ms}ramﬂl
to move in 7‘)16’ Vf?rf:a‘:ﬂ oé‘f@c‘ll)dﬂ On})/.'_lz-ké n=1.

T ’ﬂl =m
% (1) ékﬁm‘r

l m,=m

x(1)

Sc’u*: on:

tJe measure A, and Ag J"rom the static
ecruifibrlum Pon}f{ms 0 f e immsses m, and Mg
rﬂ})c’cﬁ»/elf.

As was shown Jocjore;
e o (kg = ko= 5,
EOMs

mg_-iil— C‘,r_‘}.(,-f(C:-q-Ca).).(z_ kz-?l, + (k2+]<3)%2=.f2
k|=k2= I'(3:= k
o= Z=0
m‘il +ik9(,—k‘r(2.—.o
EONMs:

miti- k‘)(, +ikxi=o

o I8 L i -1




Y9

Lde assumée }’}armomc So’uﬁcn: -%i(t)=xiw>(wt+ d)) (\1-_4,2

The J[-re?uenc)/ e‘(,warl{an Is obhﬁned l))/ subsHuhnj () and Ay (t) into
T})E EOMs:

(mete2k) €K
(.k) (-mu:z-j-ik)

i s e LAl [k
k

- F 212 1
W, = J 4kom+ [l6K 12tk 2 3

2m* J m

: L .4 Sclve
=0 — mzu.'q—illxmcu+3'< =0

Te am,_\;,m- ke e :

= Xf’ _ -mwf“-t-i’.k ) Ik )
X : -muy +2k (how 2)
() mwy + 2k k

fi:%z Lk ) mw? +2K -
X e

So, the nafurad  modes are C‘j"‘“’” b)’ ‘

. an cos(jg t +¢|>
( Fust mode=2"W)=)

(e

*

(2)
L e{Erg)
Sc’amol m ocle = 9‘“&) - m q)f-
. _xfi)ccs(\{-;’g S ¢Z)



First mode: When system vibrates Secend mode: UWhen the system vibiates

in its }:r:’.f mo«f[e) the in its St”('c‘m{ mOJG) H]e
amp):fuci?) ofi})e fu.’o two masses have f}ve
masses reman f}n” Seune., sSame mc?zjm'faole w;Hi

OPPo)i)le S‘ijns- So, m,

anc[ m; are 150° ouf'of
Phwe.‘

50, motions o m, and my

e in p’mw.’

The ‘(jenerdg solution o f the ::/sfem can be éxPﬂ’BSt’(‘I as:

1 q,(t)=Xf”co>(Jgf+¢;) +X,mcv>(\/¥t+¢z>
~ % (t) = X,mcm (/gf‘-g-%) - X,(z)a:) (/gt-l- %:)

1

—E XCW[)}Q: Fmo[ f')ﬂ? l'm'ffad C’Oﬂclllhans ﬂnaf ﬂ@ec] to }30 aP)Jj{eu[
to ﬂve 5}31’!?1_3 — mass 5)07[8!” (n }ch”v’mw c’xam})/e SO as

to make it vibrate in:
(a) the f:'rsf mode, andl
(b) 1’))8 ‘S(_’COT](I moo[é‘.



g0
Sojuh‘oﬂ:—m—é ﬂenemj SO/afm'ﬂ o)[ T)'!e" s/s;em was Cc]r'ven 0(?l f}')é

e/m[ O’/M.)»Z )D/wau) exam/o/a &./6 assume f)r é'f’”ouﬂ'nj Iuc‘s:
a,(f: O):“?(’(O)

% (t=0)=%(0)

qu(t= 0= TZ(D) and u)mj =1 and rp==1, wecan 5ét:
Xy (t=0)= % (0)

i By aPPl)/tﬂﬂ TJTE'SC’ umf{ad C‘Dﬂfj{ill:cns

1/2

x{h = —;—{[-VI(U) + x(0)]? + %[fl(o) i JE2(0)]2}

1/2
X\ = - {[—xl(O) + a0 + 3-[4(0) ~ -fz(o)]z}

| —

P {—\/n_r[,f,(o) 3 _{'3(0):}
Vk[x1(0) + x(0)]

é _ml{ Vim[1(0) — i(0)] }
: V3k[~x,(0) + xo(0)] .
(verify!)

7

(efer te the eqs. C’J(
x‘w, xfl)} ¢;) MCI ¢1

fowd earlier!

{a) From the Prew'ou) fxamp/e:
Xm&m | L
First ﬂofma,a MOCIE: -‘;ﬂ){t)-.-. | (‘f: +¢‘>
X,“}L‘O)(Jgh.(f,z)

Com)oarc’ ﬂ:e abore Pc/wa}m'n wif[’ th 3c‘-ﬂ€fdﬂ so/uh‘cm of ﬂ;e
575I'em (P)’ov’iflec{ at the end o[ the previous ex@nple),'fh_e mohion
of the sys”fm will be identical witt e first normal mode on,)/
if X"=0.50, %f0)=%(0) and %(0)=%0).



(b) From the Pfew'ous examplé’:
e 2144,
_X,{z)c:o>(\/_£t+?‘sz>

Compare the abore equation witl #e general solehon of the
system ( Prow'c(ea[ at e end of the previous c’xcuvpfe)a The motion
of the system will coincide it B second normal mode
orly if X=0.S0, #f0)=-%00) and  5(0)=-%().

56('01’){31 nofmaﬁ moa[e: ;(Uﬂ'):

R R N o R

= Examp/e: (Frpe—ﬁb@hm }?apmzsc' 0)( a u‘O—l)gg@-o ~Freedom S),-sfem)
Flﬂol Tﬁ. f‘f{’t’-—wbﬂ izl YC’)PCTISG’ Of 'f)'le JfC‘“Ou"nlnfj sysfem

(-&JJT_E—' bx;(t) xs(1)
kl ﬁ(") kz fz(’) k3

T

3] ]_ " _Q]__ " _C'q_{

Z

'(,: 30) ,§2= 57 k3=0
m=10, my =1

C,: Cf.= C3=O

I.C.s: a,(0)=1, %(0)=#,(0)=%(0)=0



| . | %)
Solution: As c[fscussec[ bf’jorc*, the EOMs o[ the s;ﬂem aie:

m‘&l(f) P (ylfki)w‘(t)—kiﬂl(t) =0  Assume i .;4|(t)=xl(.‘o)(w‘[‘+¢»)

N harmoni R .
my (D) ko ) +(kz+ ks )%, (£)= O motien L= Xcolwt + ¢)

st (K ke X, = kg =0 [-m.w“% ke -k W 0
— . d 1 =
{"miw +(k1+ka)}xz=0 . k:'l -myw +k2+k3 X?_ (o]

~k X +
_10w+35 =5 ][%] {0
— . \ =§ K -—)E‘c},. H
—5 —(.IJ+5 Xl 0
\__N/_—————J"J
det=0

w?_:_'i.s _’UJI= ,-53"

L) frecruen‘cy: lqu.. g5wi+l50 =0 —"g 9
t’tfuafzcm ,w2=6 -+w2=f2-4‘ﬂ5

P J

{ eijen values nedur uj

" Jequencies

The subshtation af Luz:w?} 2.5 n Ec}. ¥ Leacls to X:L ?_X(,I).
(2)

7}1_6« subsﬁfu*um (0} wi= &,‘3:._:6.0 in El}, * LeculS fo xg_z)= --5)(l ]

So, the normal mc(&s( eagenmfofs) e 55»/8.4 }ﬁ/: @

s . P
Pighle - RIS
3 oy -5

“The ﬁee—-vibmﬂon respomes o{ +}z€ mases m, ancf my are d

%, (t)= X" (15811t +4)+ XPeos(2.4495¢ +,) X% ¢, and ¢,
= must be Jf}c’fmin&'(

D L .
%o(t) = ZX:”Cc) ("58)"t bl ¢l>- 5)(('1 cv)(l-qug‘-;t-l-fifz) ffcm initial condibions.



l) 5
X"'= 5%

%lf=0)= ¢ olyine '
I.C.sdag=-0)=0 VPRI L x® 9y

Wyt=0)=0  these,we qet i,
%3 (£=0)=0 A =0

(v.eri}y I )

4)2= (9]

X (t —c 1.5l) 4yc
Fs'na“)’: I 0)( t)+ CC)(t J5t)

wz(t)~ 4 Co )(I 55’Ht)— ’-?O- m(iﬂ‘l%t)

7752 jﬁlp}ﬂwﬂ rc’P!'c"hfnfafacn of 1%5 above r’é}Pom& is Pfavic[ecf be }oa:‘

x(0)
o=
T

|
—




yTorsional System £2

JfOr’Sruna‘z Sysjfé‘m ConsmLmS of two clfscs mo:,mhﬂ(‘

Consi(lér H’)e }o”ow.nﬂ
)(”n& 5}1(1)[{ )'1(,(\/@ {ofaﬂmza,(

on a sha i—, as shown. The f}ﬂfe seﬂmenls o

k“: kti) and Lt3 , B mclrmfﬂl n Y‘Ea J(‘ijwe‘. Also shown
l 0)[ mertia J: and J-i) f})e‘ aPPlieﬂl ‘)'onaut”s

chnnCJ (Oﬂ&ﬁvﬂls
Qre fﬁ)a cLSC& mass momen

Mtl and Mt;p CU’I(,I TEI r'mlahma,‘)' ale(jre&'s Uf Jﬁ)ﬁclr)m 9, Mcl Qi;

FBD If/ xi}b
2 ([

krz(ﬂz - '91)

The i Hé/emliaﬁ &ruahm Of rotational metom :Ior the discs J; and Jy

can be derived as:

{ J,6,+ (ke + ktz) 6, - kt20;= Mt

o ; (how?)
336, ktzel +(l"c2+)‘t3)92= M

For fLe ﬁc’c’—vf“})fabbn o]rf'lrc" 5)/3Jrem) we ba\/@t

[c]:gl + (ktl‘*'ktl) 6 - kﬁG2=O [Jl ol(e ket kg -k e
. — ] ..'}1-[“ |Gl _1°
5i9z—)‘t19;+(ktz+’<«t3)92=0 0 7,16 ~kig  Kiatkg [ [ € “ o

The analysi Presenfﬂl n case o[ tenslational sysfems (s also appiica‘o)e

to torsionad systems.
P, P e,



_.Exam,)feﬁ Fincl f}le‘ nahzralz jhrﬂ'ruenc:'cz) ancl moo‘e sl’lapﬂ jor H?E forsi(mqﬂ
sysfem shown in the fo“owing for =dy, J3=23, ,and

ky = Kta =Ky
._ I,
So’uhm}: m (L{}t’lc’nﬁa[) t’?uaﬁO‘ﬂ) OJ‘ m.ghm] Jof J1:2Jc
- k-“= kt—2= kt
- i are: o
ky ) .
J.6,+ 1k+6 —kJ[99_=O Pr:?:m:s
J = e ) ol t [ (Vbn‘fy!) ( j !
- B inéri oy ktel -+ }(.t 92 = O
5 ==

mon € Soluﬁm’z:

Cons:rler T}'E fo”owmg )’)af
g;(t)= ©; cos(wt +¢) 1=02

ln(umm’HC So)uhoﬂ on 7‘P\2 EoMs

By applyng the
we jt-t 7‘}({12 J ”o u).ntj J’H[}U.t'ﬂ()/ 6’7—(1(4{ ’Uﬂ
iw“%i_5w"%kt+kt=o (ven”,)

T}; 50 )uhcm ojr 1}19J.mfuen6/ &I.uajnmfl )II.C’ldS:

e .}i'!. B :
(D
We= !iL- l";?

e [
The u,m’)“i’ucle yatio are:

PR 1]

r,:

&
@gz) 5+ JTZ_,
Iy = 2 - m



| g3
The normal modes 0)[ the S/SILc:m cugccjfvfn b},:

(1
Al ' Cos(wt
(1) @f) I " s G} 0s(wy +d3,)
Bl = e —fm=) ,
. ( L +§b‘)

0} _ f
% ) i_‘;'_'T_ G, (W
%) X
6" 1 © = | w 2o - oot ¢2) Seeend
4 @i Cv;( w2t+ ¢»2)

S0, the fr&-‘—w'J,m{,m yesponse's O)(f)ve fwo dliscs e a5 jonow{mj:

‘ (1)
B'(t): @,'Cos w1t+ ¢)+ QmC“) ‘d t+ ¢ ) In these e'tfuafmm;
6, (f.') @”c‘o) wi‘-rgb),. @ C‘o) w ty ¢2> @:")f){j %j c}ﬂA @,
aw be tound Yrom I.C.s

/\_6\//\/

X AJJ:;;WJ E xam P/es

__Exam/J)E: Cons}c{er rke fu,m-sfor/ Eou'}c(;'rB s hown.
A1)
The (jin{m e aysumed to be r,‘g,‘ d o R0 \\?\\\\\&\\\\\\\\ f;_:; 3
I |
i f EL|| ! i
cmcl ‘fl’!é C’o/umns haw }) qum-&,' 2 ;; EL ‘{: T
Fi(n) —K \i\\\\\\{n\l\\ NANNNN *-l'r.( 1)

EIz ) with nefjli‘cjibJe N ’,f’ 7“(

r‘ig}clih'es E1, and
masses. The shﬂhess ofeufj‘ Column can 77 vJJz—L

be Comptd’é(l a —h L i=l,2. For m=1m,
Mg=m, }1 =hy=h, anc‘ EI=EL -EI,c[ fe{mme the nafumﬂ fc’tfuenclﬂ ano’
- a § e Jrame.

moedé S aPu (¢)



Ja)uhcm _E ec}wva‘enf 4PHn3 may; 5)15}em 19 5170&” btlom

_mehon,
1 ) ky BD
4 I V—Im-_i_l k% <« my
— uh - ki(ii‘“il__‘.
gz}) nalt) mpx, My Ay
4XEL
ki:i(@) il —> k ki—k ha
hi
g+ ke )y~ kX2 = O (hou?)
EOMs ‘
mi:).(i_ }“i"ﬂ + kif)(z =0

. coy(wt 1=
Consic{er harmonic. motions 9(?‘_(t)= )(2 5 +¢>)

So, we @n 9ei’:

etk R W\m perfy1)
h / X; 0
K _-m2uf+)<-z L

= k2
The }‘recruen ¢y e?ua’mm 5

ky +m
m,miwq-(mg_l‘l’rmi 1+

ik | EL
solve sy 035w " ("8"}7 !) *
7 K - 0524 |EL
wy= L3066\ = 9. Nt
X0 meirkek —amaeak _-2(0393K) 42K
=~ = Ky k K
- ' 2 S . q
= K mdrkirky  cimeirik(507) 2k
2 X Ky k k
1.0 — 1.0 (1)
e moce 3 \MH 73 £ and x‘”.—.{ MWJ X
- 3 e
shapes are:

_X.



¥4

La14i = 14144

| ]

| I

; |
.o I O

i

' I

: I

i |

First mocie Serond mode

— Example: Consider the Luthe shewn below. The Luthe bed is replaced
by an elashc beam sulal:)orte(l on short elashc columns and
the headstock cund Hailstock e replaced by teco lumped mave
as shown. The lathe can be modeled as a T.Lwo-(iejree_o{ - J[m m
syfem. The deflechon x(t) of the C.G. and rotation O(t) can
be wed to descrbe the mohen o)(f}ve :sySfe% Determine the
equatms of moton cf the system wsing % (t) and O@).

Headstock Live center Dead center Tailstock

5 [

kafx+ 1)



Solution: From the ﬁee—bod/ oL'a(jfc.zm shown, we 3(’17

EFFO = m¥+ k) (%-6,6)+ k (4+£,6)=0

(ZM=0—> T~ k(x-66)€+ ko 1+ £8)0,=0
} rearrange

m3 + (K + kg Yo+ (k€ +ke €, )6 =0

i T6+(- ke +k192)9t + (k,QT.;- kQE;)9= 0

J,u;n”r@ n malrix -Jrorm

[m OJ& K+kg _k,e,+kieiH-x so}
“ | ] =
O Tof[6] |-kewht, kekty ILE) [0

Ttis seen that each o ]( the above ec,uaﬁuns confain ' and ©.

Tey become Jadepcnc[enf’ of each other i f the Coupimfj term
(ke kobo) is equal to zero,ie. ke =kobye If ki#kety
the resultant motion of the lathe AB is both translatinal and
ditabinnl when eiher a d;'g}))acémenf or fon%ue is apph‘ec!
-fl')mog}. &, C.G. of the body as an inifial condition. T other
words, the lathe rotates in the vertical plane and has vertical
motion as well, unless k€ =Kels- Thi is known as elastic
or stafic Couplng.

e N e R e S



¥5

—Exa.mp’e: Derive the ec}uabcms o{ motion far the sysfem shewn .

3l

P
- Esk

SO/uﬁoﬂ: The ec}ucthcms s, fecfai/ibﬁwn are a j'o}

Rigid bar, mass = 2m

u(x,-e.f_)T Ic(v’z,—.:_si)

Jlic

* (ul- 11)

+
TZF),r-O - 2m¥ +2k (.,"_4;19) + C(a'(,—éLTQ)-rk(a(

T imof]cn

®i o2m ;|f

3k (ol)

,meﬂ:

l‘ﬁi)“ﬁ =0



=t 0 olfe) Fcé_cr:;’oe ke

k(=)

“_—%[ *r émoﬁm

P2 e m"izf
+

These ecfwlfrom aan be sfafecl n matrix jofm as J‘O”ownf\jz

¢ -1 .~ 2 - r

=
~
o
D
=
o~

£
et Ce 3 *
Im O { ‘)fl y+ |- q C 0 9‘1 r+ _ )(TP 3k '--k { 9(' } - Fl ? ‘VEI’I 7-')

In ”ﬂ,:f)enclixzzm;;)ﬁ—Deﬂree-o)(— Freedom S/sfemsfg acuifagml
examPJw usfnﬂ a Sjgmy cbffefenf aPPVOGC% as cuco)/as

vibraﬁo—n of Continuous 5)/57[€m8 are o[f'scussec(.



*prenolixl:Shorf ImPu,SE) and Diracs Delta Function 56

Phenomena of an impulsfve nature, such as the action o-)( {orm over
short infervals Of time, aise in vasiow applicatons, for example, 'ng

a mechanical sysfem is hit by‘ a hammerblow. We wse Dirac’s de Ha
Junction' o model  such problems.

To model suations 0)( that type, we consider 1 J-“”Chfm

1k if adtLa+k Pt
t-a)= 4
fk_( Cl) i ﬂkIW >t

0  ctherwise 1L

(and Later its limit as ,<—>0)-7F's f unction /c’Pr&ent, jor instane,
fore of ’”(g”’"*‘“& 1/k achng from t=a to t=a+k,whee k
i Pos:’ﬁue and smadl. In mechanics, the m@ml] af a fc‘»rce-

ucv’%}nj over a fime inhorvaj a<tia+k s called +he 'Impufse'

of the force. The impulse of £, is:
a+k

I, J}k(t- @)t =L%<. dt=1.0

To Jid out what will happen if k becomes smaller and smaller, we
fake the lmit of f @ k=0 (k30)Ths lmit is dencted by S(t-o),
that is:

§ (t-a)= Oim f(t-0).
k=0



S(t-a) is called He 'Dirac df)faﬁtﬂchﬂl' or the ‘wnit impu’se J(unc}nm'.
(Je can wnte:

» e ;J( t=a ‘ = .
g(t_a) ) % (@) oi’hercufse W"D‘ ‘["B(t—a)(it: .

Nofe that S(f—a) is not a fu,ncﬁcm n the orimar')f sense as used
n ca)cajus. From Ca,cu’m we Lnow 'I‘)'I(JTL o ﬁmcﬁm’l w )wtjfl 15 E’UC’f/wLefc

0 excepf al a Sinﬂ)e }305nf must have the l'nﬁs:cjmﬁ ec}uaiio 0.
Nevertheless, n Tmpulse P(oHems it s convenieﬂt to oPe(cﬂ@ on
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Equivalent Masses, Springs and Dampers

Equivalent masses
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Mass (M) antached at end of
spring of mass m

Cantilever beam of mass m
carrying an end mass M

Simply supported beam of
mass mcarrying a mass
M at the middle

Coupled rranslational and
rotational masses

Masses on a hinged bar

Rod under axial load
(I = length, A = cross sectional area)

Tapered rod under axial load
(D.d = end diameters)

Helical spring under axial load
(d = wire diameter,

D = mean coil diameter.
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Fixed-fixed beam with
load at the middle
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d = inner diameter,

Relative motion between parallel
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Trigonometric Basic Equations

sinfa+ 8) =sinacosf + cosasinf
sinlfa — 8) =sinacosf —cosasinf
cosla + ) = cosacosf —sinasinf§

cosla— ) =cosacosf +sinasinf

. tana +tanf

anla =

l—tanatanpg
tana — tan

tanla — B) = B

l+tanatanf

sina +sinf = ESin(a:B)cos(a:g)

sina—sinf =2 cos(a-: ﬁ) sin “a : '8)

a+ f (a—f
cosa-i-cosﬁ’:.?cos( = )cos( ~ )

cH:- B)sin ("a—z ﬁ)

cosa — cosfS = —2sin (

sinasinf = é [cosia — B) — cosla + §)]

i
cosacosf =E[cos(a —B) +cosla+ )]

sinacosf = % [sin(e + B) + sin{a — 8)]

1
cosa sin § = < [sin(a + §) — sin(a - §)]

2tana

sin(2a) = 2sinacosa = ———
l1+tan- a

cos{2a) = cos®a—sin“a = 2cosa— 1

) 1 —tan‘a
=1-2sin"a= =
1+tan-a
2tana
tan(2a) = <
l—-tan-a
' cotia—1
cotl2q) = ———
2 cota

sin(%): = Fl—cosa

2 N
ay _ . 1+ cosa
ooefD) = L0
2 J 2
tan(‘a.) _1l-cosa_ sina _ I'l-cosa
2/7 sina ~ 1+cosa Ty 1+cosa
r(ﬂ) 1+ cosa sina N 1 + cosa
cotl—1 = = = 3 |
2 sina 1—-cosa \‘l-cosa

sin @+ costa=1
tan‘a+1=sec’a

1+ cot"a=csca

sin(3a) = 3sina—4sin a
cos(3a) = 4cos®a — 3cosa

Jtana —tan® a

(3a) = 5
. 1-3tan-a

sin{4a) = 4sinacosa (2cos’a —1)

cos(4a) = 8cos*a— 8cos*a+ 1

sin(5a) =Ssina — 20sin® @ + 16sin® a

cos(5a) = 16 cos®a — 20 cos*a + Scosa
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