Unit-1 & Unit-2

CALCULUS -MAO0111
PARTIAL DIFFERENTIATION
AND
APPLICATIONS OF PARTIAL DIFFERENTIATION

Introduction to topic :
Here, we are going to discuss continuity & derivatives of functions

having more than one independent variables.
Definition of function having more than one independent variables:

If three variables X, y, z are related in such a way that z depends upon
the values of x&y, then z is called function of two variables x&y.

It is denoted z = (X, y).
Similarly, w = g(X, y, z) is a function of three variables X, y, z.

U= f(X, X, Xgpeeree , X, ) is a function of n variables x,, X, , X3,....... y X, -

Definition of continuity of two variable functions:

A function f(x, y) is said to be continous at (a ,b) if
(1) fisdefined at (a, b)

@) lim f(x, y) exists and
(X, y)—(a, b)

@iii)  lim f(x, y) = f(a, b) in whatever manner x&y approach a & b
(x, y)—(a, b) respectively.

Definition of partial derivatives of first order:

Let z = f(x , y) be a function of two variables .
We can make change in z by three ways.

First: keep y constant and make change in value of x
Second : keep x constant and make change in value of y
Third : make change in value of x&y both simultaneously.

If we make change in value of x , keeping y constant then the relative change in
value of z is called partial derivative of z with respect to x. and it is denoted by

%or f, or%. Similarly, partial derivative of z with respect to y is denoted by

of 0z .
Ao fYOrg. Also, ox i X fim fixe o y) = T )
oy X0 X
of 0z )
Z=fy="=lim fOxy+dy) - f(xy).
oy oy
& —0 oy
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PARTIAL DIFFERENTIATION OF HIGHER ORDER:

Let z =f(x, y) then %and.% are first oprder derivatives of z with respect
X

to X &y.
Second order partial derivatives of z with respect to x & y are denoted by

0@y g Tz ofa)
ox?  ox\ox *Toy?  oyloy ”
o'z _ofa)_( o _3(@]_f
oxoy  ox\ oy * oyox oy \ ox o
Third order partial derivatives of z with respect to x & y are denoted by
0’z 0 (0%z 0’z o (0°z
~3 ~ |l A2 1= fXXx’_3=_ P i fWY’
ox®  ox\ ox oy® oy\oy
2’z o0 0%z o’z o ez
2 = :fyXX’T:_— foyy
ox“oy Ox\ oxoy Oy“Ox Oy \ oyox
>z 0 azz_f 0’z _g(azj_f
oxoy?  ox\ oy? oyox? oy \ ox? &

SOME OTHER NOTATIONS TO DENOTEP.D. :
let x= f(r,0)&y=g(r,0) (i.e.x & ybotharethe functionsof r & 8)

thenindirectlyxisafunctionof yandviseversa
Inthiscase,

OX .. .
a—j denotes derivativeof x w.r.t. rkeeping# constant
r 4

oy

a—) denotes derivativeof yw.rt. r keepingféconstant
r 4

OX . i
—] denotesderivativeof xw.r.t.0keeping rconstant
r

%y

—] denotesderivativeof xw.r.t. & keepingrconstant
r

if we eliminate @ fromabove functionwe will getxasa functionof y &r
or y asa functionof x &.

OX — .
(—j denotesderivativeof xw.rit. y keepingrconstant
r

(?j denotesderivativeof xw.r.t. @ keepingrconstant
.
y

And similarly other derivatives can be defined.
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o> DERIVATIVES OF FUNCTION OF FUNCTION :

If z = f(t) and t = g(x,y) then z = fog(x,y) is a composite function of f & g
If we consider z as a function of t alone then we have ordinary derivative of z

., . dz . . . .
w.r.t. t which |s—t, but if we consider z as a composite function of f &g then z
will be function of two variables .in this case we can find partial derivatives of z

: 7 01 . o
w.r.t. x&y which are 5—,8— And relation between above derivatives is

0z dz ot &az_dz ot

ox dt ox oy dt oy’

> CHAIN RULE FOR PARTIAL DIFFERENTIATION: :

(A) If u =f(x ,y) and if x = g(t) &y = h(t) then u is indirectly function of t alone

Hence, du =a—u%+a—uﬂ ........... (1)

dt ox dt oy dt
du is called total differential coefficient
(1) If we eliminate dt from both sides we get Total Derivative of u
That can be given by du= a—udx+a—udy .............. (2)
OX oy

(i) If we replace t by x in above (1) then we get

du_au + udy 3)

dx  ox oy dx
In this case u is a function of x &y and y is function of x. so ultimately u

becomes function of x alone.
Ifu="~(Xq, X2, X3, Xa,.....Xn) and all X1,X2,X3,Xa,....xnare functions of a

single variable t.
Then,

du oudx, oudx, ou dx ou dx,
— = — +——".(4)
dt  ox, dt  ox, dt  Ox, dt ox, dt
And  du=Mx +- M+ Ml + My (5)
OX, OX, 0X, oX,

(B) If z=f(x, y) and if x = g(u ,v) &y =h(u ,v) then z is indirectly function of two

variables u & v.
a2 _ax ody

Hence, = =
ou oXxou oyou
a_ax oy o 6)
N OXOV oy ov

X Solved Problems Based On Above Discussion :

*

X/
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o*u o4

1). Ifu:tan‘l(lj then verify: = .
X OX0y  0Oyox
ou ou ou
2). If u=x?y+ y%z+z%x, provethat — + — + — = (x+y +z)°
) y+y p oyt a (x+y+2)

1

3) If v=(1—2xy+y?) 2,

provethat, (i) x?— y@ =y?y®
X

oy
NG 2\OV | ou|l ,ov |
(i) &[(1—x )&}+5{y a—y} =0

4). If z=log(x* + y2)+tan‘l[lj,
X

622+ 0%z

6)(2 ayZ
5). If z(x+y)=x*+Yy?,
2
provethat z_ =4 l_ﬁ_@ .
ox oy oxX oy
—(x-a)?

6). If (X, y)=ie >

Jy

provethat (i)

provethat

AR P ol S ik
ox? oy oxoy  oyox

7). 1f V=r", wherer®=x*+y®+2°,

provethat oV + o + oV
ox? 2 ozt

=m(m+1)rm?

2

8). provethatata pointx=y=z of thesurface x*y’z*=c aax . =—(xlogex)™

3
9). If u=e*’* show that 6)/88—uc’3 =— @A+3xyz+x°y?*z?)u
XOZ
2 2 2

X y z
2 + 2 + 2
a+u b +u c“+u
whereuisafunctionof x,y, z.

ou )’ ou ’ ou ou ou ou

provethat, | — | +| — | +| — | =2/ X—+y—+7—
OX oy oz OX oy oz
0

10). If =1

> OX oy oz

11). If u=
(x2 +y°+ 22)

(4)



2 2
12) If ux+vy=0and E+X:1, then provethat(a—uj —[%} _ Y X ,
y y X

13) If u=ax+by and v=Dbx—ay,then provethat(a—uj (% al (@j =1.
y v 8y u aV X

14) If x* =au+bv and y? =au - bv, then provethat(—}
y

15) If x=utanv and y =usecv ,then provethat(8u (J = (aUJ (Wj .
ox J,\ox ), oy ) \oy ),

16) If x=rcoséd and y=rsiné ,then provethat (i) 1[6)(

17) If xyz=a® ,then provethat(ayj a (8)() =_1.
oxJ,\oy ) \oz),

18)  Find d—uwhen u:sin(ij,x:eI ,y=t?
dt y

19) If u=f(r,s,t)and rzi, S:X, t:E, provathat xa—u+ya—u+za—u:0.
y z X OX oy oz
20) If zbe a function of xandyand x=e" +e™",y=¢e" —¢e"’
oz oz oz 0z

provethat ——— =x— -y —.
ou ov OX oy

21) If z=e®"™ f(ax—by), prove that bg+ag =2baz
ox oy

22) Ifu=f E,X ,provethatxa—u+ya—u+za—u=0.
z 12 OX oy oz

23) If z=f(x,y),x=ucoshv and y =usinhv, provethat

HEEN GRS
Ox oy ou ulov)
24) findthetotaldifferental of f (X, y,z)=xey2’zz
25) If zisa functionof xand yandu & vbetwo var iablessuchthat
u=ix+my,v=Ily —mx, then provethat
2 2 2 2
OX oy ou ov
26) If zisa functionof xand yandu & vbetwo var iablessuchthat
x =e"sinv, y=e" cosv, then provethat
, o\ 0°7 0%z 0’z 0’z
(X Ty ) 2 T 27 2 T 2
OX oy ou ov
27) 1If x=+Jvw, y=+/wu,z=+/uv and gisa function of x, y, zthen

showthat X%-I- y%‘l- z% = u%+v%+ w%.
OX oy 0z ou ov ow

X/

x5 IMPLICIT FUNCTION :
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If we can not express x as a function of y or y as a function x even though

we have relationship f (x, y) = 0 ,then the function f(x, y) = 0 is called an implicit
function.

fore.g. x*+y®+3axy=0.
(A) DIFFERENTIATION OF IMPLICIT FUNCTION :

To find derivative of implicit function we can use following method.
If f(x, y) = 0 is a given implicit function

then assume,

(i) u=1(x,y) andy = g(x)

Hence, by chain rule @:ﬂ+ﬂﬂ but f(x,y) =0 =u
OX Ox oy dx
0=f, +f, dy
dx
dy__ T
dx o f,
(if) u = f(x, y) and x = h(x)
Hence, by chain rule aj:i%+i but f(x, y) =0 =u
oy oxdy oy
~.0= fX%+f
dy
Jax__
Sdy

(B) PARTIAL DIFFERENTIATION OF IMPLICIT FUNCTION :
f (X, Y, z) = 0 represents an implicit function .
To find partial derivative of implicit function we can use following method.

If f(X, y, z) = 0 is a given implicit function
then assume,

Q) u="f(x,y,z)and z =g(x, y)

Hence, by chain rule

ou of of oz ou of of oz
—=—t—— And —=—t——
OX OX 0z OX oy oy ooy
But f(x,y,z)=0=u
0z 0z
S0=f +f, —. And S 0=f +f, —
dx Y d
e & a_ b
dx  f, Tdy  f,

(6)



(i) u="f(x,y,z)andy =h(x, z)

Hence, by chain rule

8_u - 6f ay And 6_u=q+ﬂ@
ox 0OX 6y OX 0z 07 oy oz
But f(x,y,z)=0=u
0= f+fay And - 0= f+fay
Y dx Y dz
Yt A
Cdx o f, Cdz f,

y

@) u=f(x,y,z)and x=t(y, 2)

Hence, by chain rule

ou_of of ox ou_of of ox
—=—+— And — == —
oy oy axay oz oz xor
Butf(x,y,z)=0=u
~.0= f+f% .'.0=fZ+fX%
“dy dz
x X1
dy f " dz f

X

K/

< Solved Problems Based On Above Discussion

1) Find%byimplicitdifferentation
X

(i) x*+y*+3xy=0.
(ii) (cosx)’ = (siny)"

o) (oy)[ox) _
2) If f(x,y,2)=0, provethat[a j [82) (ﬁyl_ 1

of 8¢ dz _of 0¢
3) If f(x, Oandg(x,y) =0,showthat—.—&. — = —.——.
) (X, y)= P(X,y) oy oz dx o oy

4) If u(x,y)=c,andv(x, y)=c, showthat the curvesu =constants

and v=constants intersect orthogonaly if a_u @ a ﬂ

ox oy oy

(7)



o> HOMOGENEOUS FUNCTIONS:

A function f of two variables x & y is said to be homogeneous function of
degree n if,

ftxty)=t"f(xy) or f(xy) = X"ng or f(xy) = y"h[g)

2,2
Foreg. u= Xy is a homogeneous function of degree 3.
X+Yy
2
.
X 2,,2
Since U=-———4<= xsg(lj or ultxty)=t* 2.
Hyjj * Xy
X
> EULER’S THEOREM :
Statement :
If uis a homogeneousfunction of x& yof dergreen then
ou ou
X—+Yy—=nu.
OX oy
Proof:
Since u =f(x, y) is a homogeneous function of degree n, it can be
Written as
u(xy) = x"g [1) ............. (i)
X
differentating (i) partiallyw.rt x differentating (i) partiallyw.rt y
soello?) Sl
OX X X)X oy XN X
— nx"lg (X)—any g y _ gt g(zj
X X X
hence, hence,
xa—u :nx”g(lj— X"y g’ I (i) ya—u = X"ty g'(lj ......... (iii)
OX X X oy X

Now, adding (ii) & (iii) we get,

(8)



X/
°

Cor-1: Ifuisahomogeneous function of x, y of degree n, then

2 2 2
20 u+2xy ou +y28—l;:n(n—1)u.
oy

X_
% Xy

Cor-2: If zis a homogeneous function of x, y of degree n and z = f(u) ,

Then, xa—u+ ya—u:n T

ox oy flu)

Cor-3: If zis a homogeneous function of x, y of degree n and then

o%u o%u o%u .
x2@8+2wbﬁw+ijz=gwngao—ﬂ
f(u)
here =N )
w g(u) ()

Solved Problems Based On Above Discussion
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1) verifyEuler's theoremfor (i) u=e’
-
(i) u:(x2+y2+22)7.

2)Ifu=rf [ij , showthat xa—u+ ya—u =0.
y OX oy
3) If u=sec‘1[1j+tan‘1 (lj provethat x4 ya—u =0.
\Y, X OoX oy
\Y% oz oz
4 If z= f| = that x — — = 22z.
) Z= Xy [Xj,prove a X6x+yay z
5 If f(X,y)=+/%x*>—y? sin‘l[%j,
of of
that x — — =T (X,y).
prove tha X6x+y8y (X, y)
2 2
6) If u= 2
X+Yy
2 2
prove that x 6_L21 + Yy o°u = Za—u
OoX OXoy OX
2 2 2
7) showthat xza—l;+2xy ou +yza—l;:0.
OX Oxoy oy
when (iyu=2"Y (iyu=—2_ (iii)u:(x—y)f(lj
X+y X—Yy X
8) If u=cos |~ ,showthatxa—qu ya—u =0.
X+Yy ox oy
1
4
9) If u=sin™ Xl +yl showthat x 2 + ya—u:itanu.
P ox oy 20
X5 +y
3 3
10) if u=tan* XY showthat () x4y M Zsinau.
X—Yy ox "oy
2 2 2
(i) x? 8_121 +2xy ou, y? 8_121 = 2sinucos3u .
OX Oxoy oy
1 1
If u=cosec™ |———, showthat
X3 +y3
2 2 2
x° a—lj + 2Xy ou +y? a—l; :itanu(5+itan2uj
OX oxoy oy 12 12 12

2 2 2
12) If u= f(lj+x¢ X +4xy, showthat x> 8_121 + 2Xy ou +y? 0 lZJ =8xy.
X y OX oy

OXoy

(10)
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°e

*

X/
°

Jacobians:

(1) IMu=1(x,y)and v =g(x Yy) be differentiable functions then the
Jacobian of u & v with respect to x & y is defined and denoted by

ou ou

au,v). . ou,v) |ax oy
byJ=—"""2= .

axy) T T alky) v av
OX OX

(20 IHu=1(x,y,z) v=9(XY,z) &w=h(x,Yy, z) be differentiable functions
then the Jacobian of u, v& w with respect to x, y & z is defined and

denoted by
o
x oy o
au,v,w). . au,v,w) [ov v ov
isgivenbyJ = =— — .
a(x,y,2) axy,z) |x oy oz
oW oW oW
oXx oy oz

Chain rule for Jacobians:

1) Hu=fx,y)&v=g((xy)andx=h(r,s)&y=t(r,s) be differentiable
functions then

o(u,v) _ a(u,v) axy)
o(r.s) alx.y) o(rs)

) Auviw) axy.2)_oluvw)
o(x,y.2) “alr.st) orst)

Note:

@ If P ) P [t 3') Iy
a(x,y) o(u,v)

@) If P CAA) P PR U 75) I
a(x,y,2) a(u,v,w)

Solved Problems Based On Above Discussion :

(1) Ifx=rcosd,y=rsing ,then show that le
ax,y) r

(2) Ifx=e"secu, y=e"tanu, then show that J.J* =1.
(3) If x+y=2e’cosg, x—y =2ie’sing, then prove that J.J> =1.
(4) Ifu= X*Y andv=tantx + tan™'y , show that a(U’Y):O, if

1-xy a(x,y)
x.y #lalsoshowthat u=tanv.

(5) If u = fl(xl)’ u,= fz(xl ) Xz) & U= f3()(1 ) X2,X3).
Oluy,u,b) - 0uy ou, Quy
X, %y, X;) 0%, OX, O,

Show that

POWER SERIES EXPANSIONS :

(11)



Maclaurin’s Expansions for functions of two variables:
Maclaurin series Expansions for the function f(x, y) can be given by
f(x,y)= f(0,0) +[xf,(0,0)+yf,(0,0)]

+% [x? £,,.(0,0)+ 2xy f,, (0,0)+y* f,, (0,0)] oo (i)

Taylor’s Expansions for functions of two variables:
Taylor series Expansions for the function f(x, y) can be given by
f(x,y)=f(a,b) +[(x-a)f, (a,b) + (y-b) f, (a b)]
+% [(x -a)* f, (a,b) +2(x-a) (y-b)f,, (a,b) +(y-b)* f,,(a, b)] ...(ii)
Cor-1:
Putting x =a + h & y = b+ k in above equation (ii) we get,
fa+h, b+ k) = f(a, b) +[hf, (a,b) + kf (a b)]

+%[h2 fo(a,b) +2hk f, (a,b) +k* f, (a b)] ...(iii)

Cor-2:
Putting a=x & b=y in above equation (iii) we get,

fx+hy+k) = 10, y) +[xf, (X, y) +y T, (x y)]

1 2 2 .
+E|[X fo(Gy)+2xy f (X y)+y fyy(x,y)] ceeeeen(iV)

Solved Problems Based On Above Discussion :
(1) Expand e* in powers of (x-1) & (y-1) .
(2) Expand f(x,y)=sinxy in powers of (x-1) & (y—%) up to second degree

terms.
(3) Expand e* Iog(1+ y) in powers of x & y up to third degree terms.

(4) Expand e*sinby in powersof x & .
(5) Expand tan‘l(lj in powers of (x-1) & (y-1).
X
MAXIMA AND MINIMA OF FUNCTIONS OF TWO VARIABLES :

Working rules to find maximum and minimum values of a function f(x , y):

(12)



1) Findﬂ and ﬂ.
OX oy

2 Solve simultaneous equations a =0 and a =0
OX oy
of of . . :
rvi 0 and— =0 s necessary condition for function f(x ,y) to be
X
maximum or minimum.
3) let (a1,b1) (@2 ,b2),....... be solutions of simultancous equations
Z_]:( =0 and% = 0. These points are called optimal points.

0% f o*f o*f .
5 S = , t=——- at above points.
OX oxoy oy
(5) Use following table to decide that function is either maxima or minima
at optimal points.

4) Evaluate r=

Sr| rt-s° r conclusion
no.
1 >0 <0 Point of maxima
2 >0 >0 Point of minima
3 >0 = Further investigation required
4 = any Further investigation required
5 <0 any | Point of neither Maxima nor Minima Saddle point
(6) points :
Sr Points Definition
no.
1 Optimal point . . -
primat poin A point where function satlsflesi =0 and a =0
OX oy
2 Extreme point A point where function takes its Maximum or

Minimum value.

3 | Point of maxima | A point where function takes its Maximum value.
4 | Point of minima | A point where function takes its Minimum value.
5 Saddle point A point where function is neither Maxima nor
Minima
(7) values :
Sr Points Definition
no.
1 Optimal value Value of function at optimal point
2 | Maximum value Value of function at Point of maxima
3 | Minimum value Value of function at Point of minima
X Problems Based On Above Discussion :

(13)



Find Maximumand Minimumvalues for the following.
D) x’+y?+6x+12

(2) X24+2xy+2y* +2x+Yy

(3) x°3+y®—3axy

(4) 2(x*-y*)—x‘+y*

(5) sinx+siny+sin(x+Y) xzo,ys%.
(6) x2y+xy®—axy

(7) x3+y®—63(x+y)+12xy

(8) sinxsinysin(x+y) x>0,y<7.

LAGRANGE’S METHOD OF UNDETERMIND MULTIPLIERS :

This method is useful to find extreme values of a function
u= f(xy,2
subject to the condition ¢ (X,¥,2)=0

Working rules to find maximum and minimum values of a function
u= f(xy, 2
Subject to the condition ¢ (X,y,2)=0

1) Form the Lagrangian equation
u=fxy,z2)+ 14 (XY, 2).
2 Solve equations u =0 @ =0& Jou =0 along with ¢ (x,y,2)=0
OX oy 0z

and find the values of x,y,z& A.
The values of X, y, z so obtained will give the extreme values of

f(x,y, 2).
Problems Based On Above Discussion :

Q) Find the maximum value of xyz subject to the restriction x +y +z = a.

(2) Divide 30 into three parts such that the continued product of the first, the
square of the second and the cube third be a maximum.

3) Divide 120 into three parts so that the sum of the products taken two at a
time shall be a maximum.

4) Find the point in the space such that the sum of whose e coordinates is 48
and whose distance from the origin is minimum.

a® b

(5) If u=— +— +—,wherex +y +z =1provethat the stationary

X y
a b c
7y= I'Z .
a+b+c a+b+c a+b+c

valuesof u isgivenby x =

(14)



XS TANGENT PLANE TO THE SURFACE:
Let the equation of the surface be f (x, y, z) = 0.

Then the equation of the tangent plane to the surface f (x, y, z) = 0 at the point

» NORMAL LINE TO THE SURFACE:
Let the equation of the surface be f (x, y, z) = 0.

Then the equation of the normal line to the surface f (X, y, z) = 0 at the point

P(Xl, V1, Zl) is (X — Xl) — (y - yl) — (Z — Zl)

o ) )

o Problems Based On Above Discussion :

(1)  Find the equations of the tangent plane and the normal line to the surface
() z=3x*+2y?at(1,2,11).
(1) x*+2y?++3z2°=12 at (1,2,-1).

(2)  show that the surfaces z=xy—2 and x°+y *+z*=3 have the same
tangent plane at (1, 1, -1).

(3)  Show that the tangent plane to the surface x* = y (x+ z) at any point

passes through origin.
4) Show that the plane Ix +my +nz = p touches the ellipsoid

2 2 2
X

—2+y—2+—2 =1,if 1?8’ + m’b*+n’a’= p’
a~ b° ¢

> ERRORS AND APPROXIMATIONS :

(15)



ERRORS:

@ O X isanerrorin x.
(2)  |&x| iscalledanabsoluteerror in x.

oX . . .
(3) — iscalledtherelativeerrorin x.
X

(@)) Qxloo iscalledthe percentageerror in x.

X
Let f(x, y) be a continuous function of x and y .

Let o x &0y be the change in x & y respectively then related change in

f(x, y) is given by of :%5x+ %éy .approximately.

Problems Based On Above Discussion :

1) Find the percentage error in the area of the rectangle when an error of
One percent is measuring its length and breadth.

2 If the kinetic energy T = %mv2 , find approximately the change in T as

m changes from 49 to 49.5 and v changes from 1600 to 1590.

(€)) If measurements of radius of base and height of a right circular cone are
in error by -1 % and 2%, prove that there will be no error in volume.

4) The acceleration of a piston is calculated by the

formulae f =w? r[cose +|£00529j,w,<9 being variables. The

.. r 1
acceleration is calculated for =30° and I_:Z If the values of w, 8 are

each 1% small, show that the calculated value of f is about 1.5% too small.

(5) find the approximate value of

() f(x,y,2)= x> +y?+2z* atpoint (3.01, 4.02, 11.98) .
(1) ‘{/_[(1.9)3 +(2.2)] |
any  g/|3.827+ 2(2.1)|

(16)



