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1. Power series
2. Taylor series
3. Laurent series
4. Singularities, poles and zeros
5. Theory of residues
6. Definite real integrals
1 Complex Sequence and Series
e A sequence of complex numbers {z1, 29,...,2,,... } or {z,} is obtained by an assignment to

each positive integer n, a complex number z,.

e A sequence {z,} is said to be convergent if lim z, is finite and unique.
n—oo

e A sequence {z,} is said to be divergnet, if lim z, is infinite.
n—oo

e An infinite complex series is defined as the sum of terms of a given sequence {z,} of complex

n=oo
numbers. It is written as Y z, =21+ 20+ -+ 2z, + - -
n=1

k=n
e The n'! partial sum of the series given above is denoted by S, and is defined by S, = 3_ 2
k=1

e A complex series is said to be convergent to a sum S, if lim S, = S otherwise it is divergent.

n—oo
e Power Series is of the form
n=oo
an(z — 20)" = ap+ a1(z — 20) + aa(z — 2)* + -+ + an(z — 20)" + -+~
n=0
where ag, aq,as, ... are real or complex co-effecients and zj is a fixed (complex) point called
the center. It is called a power series in powers of z — zg or about zy or a power series centered
at zgp.
n=oo
e Whe 25 = 0, the power series reduces to Y a,2" = ag+ a1z + a92® + -+ + @, 2" + - - -
n=0

which is a power series centered at origin.



e Region of convergence is a set of all points z for which the series converges.
e Regarding the convergence of the power series, there are three possibilites:

(a) The series converges on at the point z.
(b) The series converges for all z, i.e. in entire complex plane or z - plane.

(¢) The series converges everywhere inside a circular disk |z — zg| < R and diverges every
where in |z — zo| > R.
Here R is called the radius of convergence and the circle |z — zy| = R is called the circle
of convergence.

e The case when |z — 25| = R needs to be investigated seperately and the series may converge
or diverge on it.

e If the disk is centered at infinity, the power series takes the form

n=oo
n
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n=0

e Taylor Series If f(z) is a complex function, analytic inside and on a simple closed curve C
in the z - plane, then higher derivatives of f(z) exists inside C. Thus, for fixed points 2z, and
2o + h,

!/ h2 " hg n
flzo+h) = fz0) + hf(z0) + 5p f7(20) + 57" (20) + -
Substituting zo + h = z,

(z — 20)?

3
5 F(20) + Mf”/(%) L.

f(2) = f(20) + (2 — 20) f'(20) + 3!

This series is known as Taylor’s series expansion of f(z) about z = z.
The region of convergence of this series is |z — 29| < R, a disk centered at z, with radius R.

e Taylor’s series reduces to Maclaurin’s series when zy = 0. It is given by:
22 23
F(2) = FO)+ 25'(0) + S0"(0) + 2 £(0) + -

e Laurent Series If f(z) is a complex function analytic on two concentric circles C; and Coy
with center zy and radii Ry and Ry and in the annulus region Ry < |z — 29| < Ra, then for
each point within the annulus, f(z) can be represented uniquely by the series of the form:

n=oo n=oo n=oo bn
flz)= an(z — 20)" = an(z — 29)" +
(2) nz_:oo (2 = 2) 2 (z — 20) 2 2=z

1

where the co-effecients are given by: a, = — f L dz and
2mi ) (2 — zp)"t!

c
1
b, = a_, = — Ldz taken counterclockwise around any simple closed path

2mi | (2 — zp)7 !
C
C': |z — 29| = p which lies in between the annulus R; < |z — 2| < Ra.

n=oo n=oo
e In Laurent series ) ( iz is called the Principal part and > a,(z — 29)" is called the
n=1 (& — 20 n=0
regular part of the series.



If f(z) is analytic at all points inside C, then by Cauchy’s theorem b, = 0 for each n > 1
The region of convergence of Laurent’s series is the annulus Ry < |z — 29| < Ra.

If zy is the only singular point inside C}, then the series is convergent in the deleted neigh-
bourhood 0 < |z — 2| < R

Singularities, Zeros and Poles

A point z; is said to be a singular point or singularity of a function f(z), if f(z) is not
analytic (or not defined) at zo but analytic at some points of each neighbourhood of z.

A singular point zy of f(2) is said to be isolated, if there is a neighbourhood of z, which
contains no other singular points of f(z) excpet z.

i.e. 2 is said to be an isolated singular point if it is analytic in some deleted neighbourhood
of zo, 0 < |z — 20| < p.

Let zp be an isolated singular point of f(z), then the Laurent series exists of the form

f(z) = i an(z — 20)" + i ﬁ which is valid in some annulus 0 < |z — 29| < R

If f(2) has only Taylor series expansion about z = zy, i.e. the Laurent series expansion has
sero principal part, then zy is called the regular point of f(z).

If the principal part of Laurent series contains only finite number of terms, say m, then the
singularity z = zp is said to be a pole of order m.

In the principal part of the Laurent series, if by # 0 and by, bs3,... are all zeros, then the
singularity z = zp is said to be a simple pole or pole of order 1.

Let f(z) be analytic function in a domain D and z = zo in D. If f(zy) = 0, then z; is said to
be a zero of f(z).

If 2z = 2y is a zero of f(z) then ay = 0.
If z = zy is a zero of f(z) with ap = 0 and ay # 0, then zj is called a simple zero.

If z = zy is a zero of f(z) with ag =a; =--- = a,,—1 = 0 and a,, # 0, then 2z is called a zero
of order m.

The zeros of an analytic function f(z) are isolated.

1
If f(2) is an analytic function at z = 25 and have n'" order zero at zy, then O] has a pole
z

of n' order at z.

Theory of Residues
1

zZ— 20
Laurent series expansion of f(z) about zy is called the residue of f(z) at the point z = z.

n

If a complex function f(z) has a pole at the point z = 2y, then the co-effecient b, of

Res

Thus, we have: f(z)=0b = j{f(z) dz
" c

Zz =2z

Calculation of Residues:



4

(a) Let z = 2y be a simple pole of f(z), then

BeS ) = lim (2 — 20)£(2)

Z =20 z—20

(b) Let z = z be a pole of order m > 1 for f(z), then

Res £lz) = b lim dm—_(z —20)" f(2)

Z=Zo (m — 1) 2>z | dzm~!

e Cauchy’s Residue Theorem: If f(z) is an analytic funcion inside and on a simple closed
path C except at a finite number of singularities inside C'. Then

]4 f(2)dz = 2mi x Sum of residues of f(z) at all finite number of singularities inside C
c

where the integral is taken counter clockwise around C.

Definite Real Integrals

21

In this section definite real integral of the form / f(sin @, cos 0) df is evaluated using complex inte-

0

gration.

Steps to solve the integral:

0 —if -1 2 0 _ ,—ib 2
e’ +e zZ+z 2 +1 e’ —e z—z 22 =1
1 S b t't t 9 pumy pum pumy d 1 9 pumy = pu—
(i) Substitute cos 5 5 5, and sin 5 5 723

(i) dz =izdf

(iii) Evaluate the integral so obtained over |z| = 1 using Residue theorem.



