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Mathematical Modellings

Hemlata Jethanandani

March 14, 2020
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Constructing Mathematical Models

Real wold problems J

Mathematical world problems Models
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-
Constructing Mathematical Models

Real wold problems J

Mathematical world problems Models

Observed behaviour or Phenomenon
Mathematical operations and rules Mathematical conclusions J
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Steps are usually involved
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Determine the variables and their relationships J
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Steps are usually involved

Determine the variables and their relationships

By using concepts and equations create a mathemtical model

Solve the model by mathematical techniques J
Compute the conclusions and predictions with the real world problem J
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Motion of a particle falling under gravity

A particle falls from rest in a medium in which the resistence is kv? per
unit mass. Find the velocity of the body and the distance it has fallen in t

seconds.
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unit mass. Find the velocity of the body and the distance it has fallen in t
seconds. )

Solution
@ let x be its distance from the starting point after time t
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Motion of a particle falling under gravity

A particle falls from rest in a medium in which the resistence is kv? per
unit mass. Find the velocity of the body and the distance it has fallen in t

seconds.
w

Solution

@ let x be its distance from the starting point after time t

@ If vis its velocity at this point

@ The resistance on the particle is mkv? in the vertically upward
direction.
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Newton's second law Force= MassXAcceleration

@ The equation of motion of the particle is
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Newton's second law Force= MassXAcceleration
@ The equation of motion of the particle is

2
Q m% =mg — mkv?
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Newton’s second law Force= MassXAcceleration
@ The equation of motion of the particle is

Q m% =mg — mkv?

@ Ix-= g — kv?
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Newton's second law Force= MassXAcceleration

@ The equation of motion of the particle is
Q m% = mg — mkv?
2
o Ztg =g — kv?
@ H=g-k7 (1)
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General solution

dv_ _
o W—dt
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General solution

o g— kvz_dt

@ i) = It
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General solution

o g— kv2 = dt
© )=y =t
@ Integrating we have %\/%%)tanh_l \[‘(’%) =t+a (2)
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General solution

dav_ _
o g— kv2 = dt
© i) = o
@ Integrating we have %\/%%)tanh_l \[‘(’%) =t+a (2)
© Particular solution But initially, when t=0,v=0 from(2) ¢c; =0
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Determination of distance x
Q tanh 1—Y— =t

1
V/(gk) V(&)
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Determination of distance x
Q tanh 1—Y— =t

1
V/(gk) V(&)

@ tanh™! \/Z%) = t/gk
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Determination of distance x
1 -1 v
tanh =t
° V/(gk) n V(&)
@ tanh 1—Y“— =t /gk
V(§) Ve
= tanh(t\/gk
o \ﬂ%) anh(t,/gk)

Hemlata Jethanandani Mathematical Modellings March 14, 2020 7/15



Determination of distance x
@ L tanh ' =1t

V/(gk) V(&)

@ tanh™ 'Y =t /gk
Vo T Ve

o (g) = tanh(t,/gk)
¥

o

= V(&) tanh(t /gk)
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Determination of distance x
@ L tanh ' =1t

V/(gk) V(&)

tanh™! \["7 = t\/gk
) = tanh(t,/gk)
:\ﬂ )tanh(t,/gk)

g\ sinh(t\/gk)
- \/ )cosh (t\/gk)

~
»\mz
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Determination of distance x

Q@ dx— \/(%) sinh(t./gk) dt

cosh(t,/gk)
@ Integrateing we get
x = 1logcosh(t\/gk) + c (3)

@ But initially, when t=0,v=0 from(3) ¢, =0
@ x = ilogcosh(t\/gk)
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Electric Circuits

@ The simplest electric circuit is a series circuit with
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Electric Circuits
@ The simplest electric circuit is a series circuit with

@ A source of electric energy(battery or a generator)
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Electric Circuits

@ The simplest electric circuit is a series circuit with
@ A source of electric energy(battery or a generator)
@ A resistor

Hemlata Jethanandani Mathematical Modellings March 14, 2020 9/15



Electric Circuits

The simplest electric circuit is a series circuit with
A source of electric energy(battery or a generator)
A resistor

Inductors
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Electric Circuits

The simplest electric circuit is a series circuit with
A source of electric energy(battery or a generator)
A resistor

Inductors

Capacitors
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Laws holds
@ The voltage drop Eg across a resistor Egr = Ri
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Laws holds

@ The voltage drop Eg across a resistor Egr = Ri

@ The voltage drop E; across an inductor £; = L%
@ The voltage drop E¢ across a capacitor E¢ = %Q

.7dQ
@ i=7G
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Laws holds

@ The voltage drop Eg across a resistor Egr = Ri

@ The voltage drop E; across an inductor £; = L%

@ The voltage drop E¢ across a capacitor E¢ = %Q

@ i=%

@ Kirchhoff’s voltage law- The algebraic sum of the voltage drop in

any closed circuit is equal to the resultant electromotive force acting
in the circuit.
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Laws holds

@ The voltage drop Eg across a resistor Egr = Ri

@ The voltage drop E; across an inductor £; = L%

@ The voltage drop E¢ across a capacitor E¢ = %Q

@ i=%

@ Kirchhoff’s voltage law- The algebraic sum of the voltage drop in

any closed circuit is equal to the resultant electromotive force acting
in the circuit.

Kirchhoff’s current law- At any point of a circuit, the sum of the
inflowing current is equal to the sum of the outflowing currents.
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RL-Circuit

Show that the current in a circuit containing a resistance R, an inductance
. ) . . L. . _R

L in series, with constant e.m.f.E. at time t is given by | = %(1 —e 1h).
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RL-Circuit

Show that the current in a circuit containing a resistance R, an inductance
. ) . . L. . _R

L in series, with constant e.m.f.E. at time t is given by | = %(1 —e 1h).

Solution:Modelling
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RL-Circuit

Show that the current in a circuit containing a resistance R, an inductance
. ) . . L. . _R

L in series, with constant e.m.f.E. at time t is given by | = %(1 —e 1h).

v

Solution:Modelling

By KVL the sum of the two voltage drops must equal the electromotive
force E:; thus
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RL-Circuit

Show that the current in a circuit containing a resistance R, an inductance
. ) . . L. . _R

L in series, with constant e.m.f.E. at time t is given by | = %(1 —e 1h).

v

Solution:Modelling

By KVL the sum of the two voltage drops must equal the electromotive
forge E: thus
L% +Ri=E (1)

o
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RL-Circuit

Show that the current in a circuit containing a resistance R, an inductance
. ) . . L. . _R

L in series, with constant e.m.f.E. at time t is given by | = %(1 —e 1h).

v

Solution:Modelling

By KVL the sum of the two voltage drops must equal the electromotive
for;e E: thus
L% +Ri=E (1)

o

General Solution

Equation(1) % + &j=E
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General Solution

e R R
which is linear I.F. = e/ 19t — g1t
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General Solution
S R R
which is linear I.F. = e/ 19t — g1t

.. . R R
The solution is iett = f%eLtdt—l— c

Ry
eL 4+ c¢

@

-

I
M

(2)
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Particular solution
Initially when t=0, i=0
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Particular solution
Initially when t=0, i=0

By equation (2)
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Particular solution
Initially when t=0, i=0

By equation (2)
_ _E
C="Fr
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Particular solution
Initially when t=0, i=0

By equation (2)
E

=k
R _E_ Rt E
sojel’ = gelt — ¢
_E — Bt
i=5(1—-etf)
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-
RC-circuit
The charge Q on the plate of a condenser C charged through a resistance

R by a steady voltage V satisfies the differential equation.
R‘fj—? + % =V, if Q=0 at t=0, show that / = %efﬁ
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Given equation
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RC-circuit
The charge Q on the plate of a condenser C charged through a resistance

R by a steady voltage V satisfies the differential equation.
R‘fj—? + % =V, if Q=0 at t=0, show that / = %efﬁ

Solution
Given equation

which is linear differential equation

1
I.F. = el redt — ere
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RC-circuit
The charge Q on the plate of a condenser C charged through a resistance

R by a steady voltage V satisfies the differential equation.
R‘L—? + % =V, if Q=0 at t=0, show that / = %efﬁ

Solution
Given equation

which is linear differential equation
|.F. = el medt — ere
The solution is

_t v L
Q(t)erc = [ fercdt+ A
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Initially
t=0, Q=0

Hemlata Jethanandani Mathematical Modellings March 14, 2020 15/15



Initially
t=0, Q=0

A=-CV
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Initially
t=0, Q=0

A=-CV

So Q(t)erc = VCeredt — CV
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Initially
t=0, Q=0

A=-CV
So Q(t)erc = VCeredt — CV

Q(t) = CV(1 — e 7c)
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